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MONOTONE SKEW-PRODUCT SEMIFLOWS FOR
CARATHE´ODORY DIFFERENTIAL EQUATIONS
AND APPLICATIONS
Dedicated to the memory of Gene`vieve Raugel
IACOPO P. LONGO, SYLVIA NOVO, AND RAFAEL OBAYA
Abstract. The first part of the paper is devoted to studying the continu-
ous dependence of the solutions of Carathe´odory constant delay differential
equations where the vector fields satisfy classical cooperative conditions. As
a consequence, when the set of considered vector fields is invariant with re-
spect to the time-translation map, the continuity of the respective induced
skew-product semiflows is obtained. These results are important for the study
of the long-term behavior of the trajectories. In particular, the construction
of semicontinuous semiequilibria and equilibria is extended to the context of
ordinary and delay Carathe´odory differential equations. Under appropriate
assumptions of sublinearity, the existence of a unique continuous equilibrium,
whose graph coincides with the pullback attractor for the evolution processes,
is shown. The conditions under which such a solution is the forward attractor
of the considered problem are outlined. Two examples of application of the
developed tools are also provided.
1. Introduction
This paper deals with the study of families of delay differential equations of the
form x1ptq “ f`t, xptq, xpt´ 1q˘, f P E, where E is a set of Lipschitz Carathe´odory
functions f : Rˆ R2N Ñ RN , pt, x, yq Ñ fpt, x, yq satisfying the usual cooperative
conditions in their arguments. The set of initial data is Cpr´1, 0s,RNq endowed
with the topology of the uniform convergence, which is a partially ordered Banach
space with positive cone Cpr´1, 0s, pR`qN q. For simplicity, these sets will be de-
noted by C and C` respectively. Adequate topologies of continuity for E, that is,
assuring the continuity of the solutions with respect to the functions in E and the
initial data, will be provided.
The study of the topologies of continuity for Carathe´odory ordinary differential
equation is a classical question with important implications in the topic of non-
autonomous differential equations and its applications. In particular, Artstein [1, 2,
3], Heunis [9], Miller and Sell [16, 17], Neustadt [18], Opial [22], Sell [24] introduced
and studied strong and weak topologies of integral type on the space of Lipschitz
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Carathe´odory functions. The convergence of a sequence pfnqnPN with respect to
these topologies requires the convergence of the integrals of the evaluation of the
functions fn, either pointwise in R
N (topologies TP and σP ), or uniformly on any
bounded set of continuous functions (topology TB). Recently, Longo et al. [13, 14]
completed some parts of this theory by introducing the strong and weak topologies
TΘ and σΘ, where Θ is a suitable set of moduli of continuity. When the set of the
m-bounds of the functions in E is equicontinuous, each set of uniformly bounded
solutions on a compact interval admit a common modulus of continuity, and then
it is possible to construct a countable set of moduli of continuity Θ such that TΘ
and σΘ become topologies of continuity for the flow map.
The extension of the previous idea to Carathe´odory delay differential equations
is problematic because the initial data do not generally share the same modulus of
continuity of the solutions, so that the choice of a suitable set of moduli of continuity
Θ is not possible. Longo et al. [15] deal with this important question and introduce
the hybrid topologies TΘpΘ, σΘpΘ, TΘD and σΘD, where Θ, pΘ are suitable sets of
moduli of continuity and D is a countable dense subset of RN . The term hybrid
refers to the fact that these topologies are derived from the previous ones but treat
the x and y components differently.
In this paper, the set E will be endowed with one of these strong or weak hybrid
topologies. However, in contrast with [15], no assumptions on the l-bounds of E
will be considered. Nevertheless, we show that such topologies are still of continuity
under very general cooperative conditions. In addition, if E is closed and invariant
under the flow defined by the time-translation in the space of Carathe´odory func-
tions, the continuity of the induced local or global monotone skew-product semiflow
in E ˆ C is deduced. As a consequence, we develop topological methods to analyze
the long-term behavior of the trajectories. More precisely, tools for random and
deterministic monotone dynamical systems are extended to this new situation. In
particular, we define and construct semicontinuous semiequilibria providing a nat-
ural version, valid in this context, of some result of Chuesov [6], Novo et al. [19]
and Zhao [29].
The structure and main results of the paper are organized as follows. In Sec-
tion 2 we introduce the topological spaces which are used throughout the paper
and their properties. We also include a subsection on Carathe´odory differential
equations with constant delay, stating a result of [15] concerning the continuous
dependence of the solutions for some weak and strong hybrids topologies when the
L1loc-equicontinuity of the m-bounds holds.
Section 3 focuses on the monotone case, where less conditions are needed to
obtain topologies of continuity, and hence for the continuity of the induced skew-
product semiflow. In particular, when the L1loc-equicontinuity of the m-bounds
and a monotonicity assumption (Ky) on the y component are assumed, all the
strong (resp. weak) hybrid topologies stated above coincide for any Θˆ and any D,
provided that Θ is the set of moduli of continuity defined by the m-bounds. In [15],
the boundedness of the l-bounds was assumed instead of the monotonicity to obtain
such a result. Moreover, when the monotone condition (Kxy) with respect to both
x and y holds, then all the previous strong topologies coincide with TP and the weak
ones with σP for any countable dense set P Ă R2N , without any assumption on the
m-bounds or the l-bounds, whatsoever. The same result holds when we assume the
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usual Kamke conditions (Kx) and (Ky), as well as a very mild hypothesis (Lx) on
the Lipschitz character of the components of the vector field. These are the main
conclusions of this section, from which the mentioned continuity results are then
derived.
Section 4 provides dynamical methods to study the long-term behavior of the
trajectories for each of the global, continuous and monotone skew-product semiflows
studied in the previous section. In particular, the notions of semiequilibrium and
semicontinuous semiequilibrium introduced in Chuesov [6] and Novo et al. [19] are
adapted to this situation, and under adequate conditions, we show that a semicon-
tinuous semiequilibrium guarantees the existence of a semicontinuous equilibrium
that determines a closed invariant set of the phase space. When the functions of
E are sublinear, E ˆ C` is positively invariant, and a global, continuous, mono-
tone and sublinear skew-product semiflow Φ is induced there. In this case, under
appropriate assumptions, we prove the existence of invariant subsets E´, E` Ă E
such that the restriction of the semiflow to E´ ˆ C` has an unique equilibrium
that is continuous, and whose graph is the pullback attractor for the evolution pro-
cesses. Moreover, this equilibrium is also the forward attractor for the trajectories
in pE´ X E`q ˆ C`.
In section 5 the conclusions of the paper are applied to non-autonomous models
in mathematical biology. The first example is a model in population dynamics
defined by a scalar Carathe´odory delay differential equation for which the existence
of a maximal and a minimal bounded equilibria is deduced. Under appropriate
sublinearity assumptions, the existence of a unique continuous equilibrium whose
graph coincides with the pullback attractor for the evolution processes is shown.
The second example is the mathematical model of biochemical feedback in protein
synthesis given by a system of Carathe´odory ordinary differential equations, that
has been extensively studied in the literature in other deterministic and random
versions. See for example Selgrade [23], Smith [26], Smith and Thieme [27], Krause
and Ranft [12], Chuesov [6] and Novo et al. [19].
2. Preliminary notions and results
2.1. Spaces and topologies. We will denote by RN the N -dimensional euclidean
space with norm | ¨ | and by Br the closed ball of RN centered at the origin and
with radius r. When N “ 1 we will simply write R and the symbol R` will denote
the set of positive real numbers. Unless otherwise noted, p will denote a natural
number 1 ď p ă 8. Moreover, for any interval I Ď R and any W Ă RN , we will
use the following notation
CpI,W q: space of continuous functions from I to W endowed with the norm
} ¨ }8. In particular, we will denote by C :“ Cpr´1, 0s,RNq.
LppI,RN q: space of measurable functions from I to RN whose norm is in the
Lebesgue space LppIq.
L
p
locpRN q: space of functions x : RÑ RN such that for every compact interval
I Ă R, x belongs to Lp`I,RN˘. When N “ 1, we will simply write Lploc.
We will consider, and denote by Cp
`
RM ,RN
˘
(or simply Cp when M “ N), the set
of functions f : Rˆ RM Ñ RN satisfying
(C1) f is Borel measurable and
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(C2) for every compact set K Ă RM there exists a real-valued function mK P Lploc,
called m-bound in the following, such that for almost every t P R one has
|fpt, xq| ď mKptq for any x P K.
Now we introduce the sets of Carathe´odory functions which are used in the rest of
the work.
Definition 2.1 (Lipschitz Carathe´odory functions). A function f : RˆRM Ñ RN
is said to be Lipschitz Carathe´odory, and we will write f P LCp
`
RM ,RN
˘
(or simply
f P LCp when M “ N), if it satisfies (C1), (C2) and
(L) for every compact set K Ă RM there exists a real-valued function lK P Lploc
such that for almost every t P R one has |fpt, x1q ´ fpt, x2q| ď lKptq |x1 ´ x2|
for any x1, x2 P K.
In particular, for any compact set K Ă RM , we refer to the optimal m-bound and
the optimal l-bound of f as to
mKptq “ sup
xPK
|fpt, xq| and lKptq “ sup
x1,x2PK
x1‰x2
|fpt, x1q ´ fpt, x2q|
|x1 ´ x2| , (2.1)
respectively. Clearly, for any compact set K Ă RM the suprema in (2.1) can be
taken for a countable dense subset of K leading to the same actual definition, which
guarantees that the functions defined in (2.1) are measurable.
Definition 2.2 (Strong Carathe´odory functions). A function f : R ˆ RM Ñ RN
is said to be strong Carathe´odory, and we will write f P SCp
`
RM ,RN
˘
(or simply
f P SCp when M “ N), if it satisfies (C1), (C2) and
(SC) for almost every t P R, the function fpt, ¨q is continuous.
The concept of optimal m-bound for a strong Carathe´odory function on any compact
set K Ă RN , is defined exactly as in equation (2.1).
Remark 2.3. As regards Definitions 2.1 and 2.2, when p “ 1, we will omit the
number 1 from the notation. For example, we will simply write LC instead of
LC1. Moreover, the functions which lay in the same set and only differ on a neg-
ligible subset of R1`M will be identified. Therefore, one automatically has that
LCp
`
RM ,RN
˘ Ă SCp`RM ,RN˘.
Definition 2.4 (l1- and l2-bounds). Let us consider a function f P SCppR2N ,RN q.
We say that f admits l1-bounds (resp. l2-bounds) if for every j P N there exists a
function lj1 P Lploc (resp. lj2 P Lploc) such that for almost every t P R
|fpt, x1, yq ´ fpt, x2, yq| ď lj1ptq |x1 ´ x2| for all px1, yq, px2, yq P Bj`
resp. |fpt, x, y1q ´ fpt, x, y2q| ď lj2ptq |y1 ´ y2| for all px, y1q, px, y2q P Bj
˘
.
If f P SCppR2N ,RN q admits l1-bounds (resp. l2-bounds), for every j P N we refer
to the optimal l1-bound (resp. the optimal l2-bound) for f on Bj Ă R2N as to
l
j
1ptq “ sup
px1,yq,px2,yqPBj
x1‰x2
|fpt, x1, yq ´ fpt, x2, yq|
|x1 ´ x2|ˆ
resp. lj2ptq “ sup
px,y1q,px,y2qPBj
y1‰y2
|fpt, x, y1q ´ fpt, x, y2q|
|y1 ´ y2|
˙
.
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Notice also that, if f P LCppR2N ,RN q, then f always admits both l1-bounds and
l2-bounds, and it is easy to prove that for all t P R one has ljptq ď lj1ptq ` lj2ptq,
where by lj we denote the optimal l-bound for f on Bj as in (2.1).
We endow the space SC
`
RM ,RN
˘
with strong and weak metric topologies which
rely on the notion of suitable set of moduli of continuity as proposed in [13] and [14].
We, firstly recall such definition.
Definition 2.5 (Suitable set of moduli of continuity). We call a suitable set of
moduli of continuity, any countable set of non-decreasing continuous functions
Θ “  θIj P CpR`,R`q | j P N, I “ rq1, q2s, q1, q2 P Q(
such that θIj p0q “ 0 for every θIj P Θ, and with the relation of partial order given by
θI1j1 ď θI2j2 whenever I1 Ď I2 and j1 ď j2 .
As follows, we recall some of the hybrid topologies onSCpRN`M ,RN q introduced
in [15]. Notice that, as a rule, when inducing a topology on a subspace we will
denote the induced topology with the same symbol used for the topology on the
original space.
Definition 2.6 (Hybrid topologies on SCpRN`M ,RN q). Let Θ and pΘ be suitable
sets of moduli of continuity as in Definition 2.5, D be a countable dense subset of
RM and, for any I “ rq1, q2s, q1, q2 P Q and j P N, let KIj and pKIj be the sets of
functions in CpI,RN q whose modulus is bounded by j and which admit θIj and θˆIj ,
respectively, as a moduli of continuity.
‚ TΘD (resp. σΘD) is the topology on SCppRN`M ,RN q (resp. SCpRN`M ,RN q)
generated by the family of seminorms
pI, y, jpfq “ sup
xPKI
j
„ż
I
ˇˇ
f
`
t, xptq, y˘ˇˇpdt1{p ,˜
resp. pI, y, jpfq “ sup
xPKI
j
ˇˇˇˇż
I
f
`
t, xptq, y˘ dtˇˇˇˇ ¸
with f P SCppRN`M ,RN q (resp. f P SCpRN`M ,RN q), I “ rq1, q2s, q1, q2 P Q,
y P D and j P N. Both `SCppRN`M ,RN q, TΘD˘ and `SCpRN`M ,RN q, σΘD˘ are
locally convex metric spaces.
‚ TΘpΘ (resp. σΘpΘ) is the topology on SCppRN`M ,RN q (resp. SCpRN`M ,RN q)
generated by the family of seminorms
pI, jpfq “ sup
xPKI
j
, yP pKI´1
j
„ż
I
ˇˇ
f
`
t, xptq, ypt´ 1q˘ˇˇpdt1{p ,
˜
resp. pI, jpfq “ sup
xPKI
j
, yP pKI´1
j
ˇˇˇˇż
I
f
`
t, xptq, ypt´ 1q˘ dtˇˇˇˇ ¸
with f P SCppRN`M ,RN q (resp. f P SCpRN`M ,RN q), I “ rq1, q2s, q1, q2 P Q
and j P N. One has that `SCppRN`M ,RN q, TΘpΘ˘ and `SCpRN`M ,RN q, σΘpΘ˘
are locally convex metric spaces
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Remark 2.7. The hybrid topologies TΘpΘ and σΘpΘ can be equivalently constructed
using families of seminorms for which y P pKIj instead of pKI´1j (and of course y is
evaluated at t instead of t´ 1). For further details, see [15, Lemma 2.12]. We will
use this fact consistently in the following. Moreover, notice that when M “ 0, all
the previous topologies reduce either to TΘ or σΘ, that is, the topologies generated
by the families of seminorms
pI, jpfq “ sup
xPKI
j
„ż
I
ˇˇ
f
`
t, xptq˘ˇˇpdt1{p ˜resp. pI, jpfq “ sup
xPKI
j
ˇˇˇˇ ż
I
f
`
t, xptq˘ dt ˇˇˇˇ¸
with f P SCp
`
RN ,RN
˘ `
resp. f P SC`RN ,RN˘˘, I “ rq1, q2s, q1, q2 P Q, and j P N.
Remark 2.8. From this point on, we will only consider the case p “ 1. The
reason is twofold. On one side, the case p ą 1 only applies to strong topologies,
and the arguments employed in the proofs for p “ 1 can be extended with small
modifications also when p ą 1; all the presented results still hold true. On the other
hand, this choice allows to shorten the statement of most of the results because the
case of strong and weak topologies can be presented simultaneously.
We state the following technical lemma for the weak hybrid topologies, which
will be useful in the following. We skip the proof because it differs only in minor
details from the one of Lemma 2.13 in [14].
Lemma 2.9. Let D be a dense and countable subset of RM and Θ, pΘ be any pair
of suitable sets of moduli of continuity. Moreover, for each j P N and I “ rq1, q2s,
q1, q2 P Q, let KIj and pKIj be the compact sets in CpI, Bjq which admit θIj P Θ and
θˆIj P pΘ, respectively, as moduli of continuity.
(i) Consider f P SCpRN`M ,RN q. If pxnqnPN is a sequence in KIj converging uni-
formly to some function x P KIj and pynqnPN is a sequence in pKI´1j converging
uniformly to some function y P pKI´1j . Then
lim
nÑ8
ż p2
p1
f
`
t, xnptq, ynpt´ 1q
˘
dt “
ż p2
p1
f
`
t, xptq, ypt´ 1q˘ dt ,
whenever p1, p2 P Q and q1 ď p1 ă p2 ď q2.
(ii) Let pgnqnPN be a sequence in SCpRN`M ,RNq converging to some function g in`
SCpRN q, σΘpΘ˘ (resp. in `SCpRN q, σΘD˘). Then,
lim
nÑ8
sup
xPKI
j
, yP pKI´1
j
ˇˇˇˇż p2
p1
“
gn
`
t, xptq, ypt´ 1q˘´ g`t, xptq, ypt´ 1q˘‰ dtˇˇˇˇ “ 0,
˜
resp. for any y P D, lim
nÑ8
sup
xPKI
j
ˇˇˇˇż p2
p1
“
gn
`
t, xptq, y˘´ g`t, xptq, y˘‰ dtˇˇˇˇ “ 0¸
whenever p1, p2 P Q and q1 ď p1 ă p2 ď q2.
We conclude this subsection by recalling the notion of L1loc-equicontinuity and
proving some results on the previously outlined topological spaces when such prop-
erty holds.
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Definition 2.10 (L1loc-equicontinuity). A set S of positive functions in L
1
loc is L
1
loc-
equicontinuous if for any r ą 0 and for any ε ą 0 there exists a δ “ δpr, εq ą 0 such
that, for any ´r ď s ď t ď r, with t´ s ă δ, the following inequality holds
sup
mPS
ż t
s
mpuq du ă ε .
The following definition extends the previous notion to sets of Carathe´odory
functions through their m-bounds.
Definition 2.11 (L1loc-equicontinuous m-bounds). We say that
(i) a set E Ă CpRM ,RNq has L1loc-equicontinuous m-bounds, if for any j P N there
exists a set Sj Ă L1loc of m-bounds of the functions of E on Bj , such that Sj
is L1loc-equicontinuous;
(ii) f P CpRM ,RN q has L1loc-equicontinuous m-bounds if the set tft | t P Ru admits
L1loc-equicontinuous m-bounds.
For the sake of completeness, we also include the following statement which
covers a particular case of Proposition 2.19 in [15]. Such result guarantees that
the property of L1loc-equicontinuity is satisfied also in the closure in SCp
`
R2N ,RN
˘
with respect of the topologies TΘD and σΘD (and thus also with respect to any
topology of the type TΘpΘ and σΘpΘ). In fact, the proof (that can be found in [15])
shows that such result is also qualitative in the sense that the limit functions satisfy
the considered inequalities with respect to the same constants.
Proposition 2.12. Let E be a subset of SC
`
RM ,RN
˘
with L1loc-equicontinuous
m-bounds. Then, the closure of E in pSCpRM ,RN q, T q, i.e. clspSCpRM ,RN q,T qpEq,
has L1loc-equicontinuous m-bounds, where T is TΘD or σΘD.
Remark 2.13. If E Ă LCpR2N ,RN q has L1loc-equicontinuous m-bounds, then one
can define a specific suitable set of moduli of continuity as follows: for any interval
I “ rq1, q2s, q1, q2 P Q, define
θIj psq :“ sup
tPI,fPE
ż t`s
t
m
j
f puq du , (2.2)
where, for any f P E, the function mjf P L1loc denotes the optimal m-bounds of
f on Bj . In particular, if we deal with just one function f P LCpR2N ,RN q with
L1loc-equicontinuousm-bounds, one can consider the set E “ tft | t P Ru of the time
translations of f and still define a suitable set of moduli of continuity as before.
Notice, however, that in this case the elements of Θ are independent of the interval
I, that is, for any j P N and I “ rq1, q2s, q1, q2 P Q one has that θIj in (2.2), coincides
in fact with θjpsq :“ suptPR
şt`s
t
mjpuq du , where mj is the optimal m-bound for f
on Bj . In either case, we will say that Θ is the suitable set of moduli of continuity
given by the m-bounds of, respectively, E or f .
2.2. Carathe´odory delay differential equations. For the sake of complete-
ness and to set some notation, we include the statement of a theorem of exis-
tence, uniqueness and continuous variation of the solution for a Cauchy Problem of
Carathe´odory type with constant delay. A proof can be derived by the one given for
Carathe´odory ordinary differential equations in Coddington and Levinson [7, The-
orems 1.1, 1.2, 2.2, 4.2, and 4.3]. We recall that C denotes the set Cpr´1, 0s,RNq.
8 I.P. LONGO, S. NOVO, AND R. OBAYA
Theorem 2.14. For any f P LCpR2N ,RN q and any φ P C there exists a maximal
interval If,φ “ r´1, bf,φq and a unique continuous function xp¨, f, φq defined on If,φ
which is the solution of the delay differential problem#
x1ptq “ f`t, xptq, xpt ´ 1q˘ for t ą 0,
xptq “ φptq for t P r´1, 0s. (2.3)
In particular, if bf,φ ă 8, then |xpt, f, φq| Ñ 8 as t Ñ bf,φ. Moreover, for any
compact interval I “ r´1, bs Ă If,φ and any ε ą 0, there exists δ “ δpI, εq ą 0
such that for any ψ P C, if }φ ´ ψ}C ă δ, then xp¨, f, ψq exists on r´1, bs, and
}xp¨, f, φq ´ xp¨, f, ψq}Cpr´1,bsq ă ε.
As usual, for each t ą 0 belonging to If,φ we will denote by xtp¨, f, φq the function
of C defined as
xtps, f, φq “ xps` t, f, φq whenever s P r´1, 0s .
For each s P R the function fs P LCpR2N ,RNq denotes the time-translation of f
fs : Rˆ R2N Ñ RN , pt, xq ÞÑ fspt, xq “ fps` t, xq.
A delay differential equation like (2.3) induces a skew-product semiflow
U Ă R` ˆ tfs | s P Ru ˆ C Ñ tfs | s P Ru ˆ C, pt, g, φq ÞÑ
`
gt, xtp¨, g, φq
˘
.
Instead of just one differential equation, one can consider a whole set of problems
whose vector fields belong to a set E Ă LCpR2N ,RN q. In order to construct a skew-
product semiflow from E, one has to consider all the possible time-translations of
any element in it (the same way we passed from f to tfs | s P Ru). Instead of
burdening the notation, we will then require E to be invariant with respect to the
function
Rˆ LCpR2N ,RN q Ñ LCpR2N ,RNq, ps, fq ÞÑ fs,
that we will call base flow in the following. Then, the skew-product semiflow
induced by E is
U Ă R` ˆ E ˆ C Ñ E ˆ C, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘. (2.4)
The aim of this paper is to provide conditions and optimal topologies on invariant
closed subsets E Ă LCpR2N ,RN q with suitable monotonicity requisites, so that
(2.4) is continuous. Specifically, in this work no assumptions on the l-bounds of E
are made.
As a matter of fact, our first result is to show that the function in (2.4) can still
be made continuous if restricted to a smaller subset of the phase-space (although
in such a way it ceases to be a skew-product semiflow). Let Θ be a suitable set of
moduli of continuity as in Definition 2.5, and θ0 P CpR`,R`q be a further modulus
of continuity. Consider the set
F0 :“ tφ P C | modpφq ď θ0u , (2.5)
and the suitable set of moduli of continuity
Θ “  θ¯Ij P CpR`,R`q | θ¯Ij psq “ maxtθIj psq, θ0psqu(, (2.6)
and let TΘΘ and σΘΘ be the topologies constructed from Θ and Θ as in Defini-
tion 2.6. If E is any subset of LCpR2N ,RNq, let us denote by ETΘΘ and by EσΘΘ
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the closure of E in pLCpR2N ,RN q, TΘΘq and in pLCpR2N ,RN q, σΘΘq, respectively,
and let UTΘΘ Ă R` ˆ ETΘΘ ˆ F0 and UσΘΘ Ă R` ˆ EσΘΘ ˆ F0 be defined by
UTΘxΘ “
ď
fPETΘxΘ ,
φPF0
tpt, f, φq | t P If,φu and UσΘxΘ “
ď
fPEσΘxΘ ,
φPF0
tpt, f, φq | t P If,φu .
Theorem 2.15. Consider E Ă LCpR2N ,RN q with L1loc-equicontinuous m-bounds
and let Θ be the suitable set of moduli of continuity given by the m-bounds in
Remark 2.13.
(i) Let
`
φn
˘
nPN
be a sequence converging uniformly to φ in C and let θ0 be the
modulus of continuity shared by the functions tφn | n P NuYtφu. Furthermore,
let Θ be the suitable set of moduli of continuity constructed in (2.6). If pfnqnPN
is a sequence in E converging to f in pLCpR2N ,RN q, σΘΘq, then, with the
notation of Theorem 2.3, one has that
xp¨, fn, φnq nÑ8ÝÝÝÑ xp¨, f, φq
uniformly in any r´1, T s Ă If,φ.
(ii) If additionally E is invariant with respect to the base flow, E denotes the
closure of E in pLCpR2N ,RNq, T q, where T P tTΘΘ, σΘΘu, and F0 is the set
constructed as in (2.5) then the map
Φ: UT Ă R` ˆ E ˆ F0 Ñ E ˆ C, pt, f, φq ÞÑ
`
ft, xtp¨, f, φq
˘
is continuous.
Proof. The proof of (i) is given in [15, Theorem 3.6]. On the other hand, (ii) is a
consequence of (i) and of the continuity of the function pt, fq ÞÑ ft proved in [15,
Theorem 3.8]. 
3. Monotone semiflows
In this section, we address the problem of the global continuity for the skew-
product semiflows induced by Carathe´odory delay differential equations whose vec-
tor fields satisfy a specific property of monotonicity. We initially recall the definition
of Kamke’s conditions. In this setup, they split into two properties of monotonic-
ity, (Kx) and (Ky), one for each spatial variable. Then, we prove several technical
results. For example, we show that (Kx) and (Ky) are robust with respect to the
limits in the hybrid topologies, and that (Ky) is sufficient to provide equivalence of
the hybrid topologies (either weak or strong). As a consequence, we obtain that the
skew-product semiflow induced by a set of Carathe´odory functions satisfying (Ky),
is continuous if endowed with TΘD or σΘD. Finally, we recall the definition of
monotone skew-product semiflows and prove that (Kx) and (Ky) together, charac-
terize a monotone skew-product semiflow. Hence, we obtain the continuity of such
semiflows as a corollary of the previous results. The last part of the section deals
with a stronger assumption of monotonicity which allows to obtain two additional
results of continuity of the skew-product semiflow when pointwise (and thus weaker)
topologies are used. Moreover, we relate the previous results to Carathe´odory or-
dinary differential equations.
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From the usual componentwise strong partial ordering in RN , that is,
y ď z ðñ yi ď zi for i “ 1, . . . , N ,
y ă z ðñ y ď z and yi ă zi for some i P t1, . . . , Nu ,
y ! z ðñ yi ă zi for i “ 1, . . . , N .
we obtain a strong partial ordering on C “ Cpr´1, 0s,RNq defined by
φ ď ψ ðñ φpsq ď ψpsq for each s P r´1, 0s ,
φ ă ψ ðñ φ ď ψ and φ ‰ ψ , (3.1)
φ ! ψ ðñ φpsq ! ψpsq for each s P r´1, 0s .
The positive cone is C` :“ Cpr´1, 0s, pR`qN q “ tφ P C | φ ě 0u with nonempty
interior Int C` “ tφ P C | φ " 0u.
Definition 3.1 (Kamke’s conditions). We say that f P LCpR2N ,RN q satisfies
(Kx) if for any a, b, c P RN with a ď b and ak “ bk for some k P t1, . . . , Nu, then
fkpt, a, cq ď fkpt, b, cq, for a.e. t P R;
(Ky) if for any a, b, c P RN with b ď c, then
fkpt, a, bq ď fkpt, a, cq, for all k “ 1, . . . , N, and a.e. t P R.
If both (Kx) and (Ky) hold true, we say that f satisfies the Kamke’s conditions or,
equivalently, that f is cooperative.
Our first result is to show that (Kx) and (Ky) can be propagated through the
limits in any of the hybrid topologies considered in Definition 2.6.
Proposition 3.2. Consider E Ă LCpR2N ,RNq. Let Θ be any suitable set of moduli
of continuity as in Definition 2.5, D a countable dense subset of RN , and E the
closure of E in pLCpR2N ,RNq, σΘDq. Then
(i) if any function in E satisfies (Ky), then also any function in E does;
(ii) if any function in E satisfies (Kx), then also any function in E does.
Proof. (i) Consider f P E and a sequence pfnqnPN of functions in E converging to
f with respect to σΘD. First we take a P RN and we assume that b and c belongs
to D. Then, from the convergence in σΘD (see Definition 2.6), fixed any compact
interval I Ă R with rational extrema we deduce that
lim
nÑ8
ż
I
fnps, a, bq “
ż
I
fps, a, bq ds and lim
nÑ8
ż
I
fnps, a, cq “
ż
I
fps, a, cq ds . (3.2)
Moreover, considering b ď c, k “ 1, . . . , N and any t, h P Q with h ě 0, from (Ky)
we obtain
1
h
ż t`h
t
pfnqk ps, a, bq ds ď
1
h
ż t`h
t
pfnqk ps, a, cq ds,
which thanks to (3.2), as nÑ8 provides
1
h
ż t`h
t
fkps, a, bq ds ď 1
h
ż t`h
t
fkps, a, cq ds.
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Due to the continuity of the integral operator, the previous inequality is satisfied
for any t, h P R, with h ě 0. Therefore, using Lebesgue’s theorem as h Ñ 0 we
conclude that
fkpt, a, bq ď fkpt, a, cq, for a.e. t P R ,
provided that b, c P D and b ď c. Finally, from (L) and the density of D we deduce
the result for any b, c P RN which concludes the proof of (i). The proof of (ii) is
omitted because it is similar. 
Next, we prove a technical lemma which allows us to pass from (Ky) and (Kx)
(which are formulated pointwise) to a condition of monotonicity which involves
continuous functions.
Lemma 3.3. Consider f P LCpR2N ,RN q. Then
(i) if f satisfies (Ky), for any interval I Ă R and any functions x, y, z P CpI,RN q
such that yptq ď zptq for all t P I, one has that
f
`
t, xptq, yptq˘ ď f`t, xptq, zptq˘, for a.e. t P I; (3.3)
(ii) if f satisfies (Kx), for any interval I Ă R and any functions x, y, z P CpI,RN q
such that xptq ď yptq and xkptq “ ykptq for all t P I and some k P 1, . . . , N ,
one has that
fk
`
t, xptq, zptq˘ ď fk`t, yptq, zptq˘, for a.e. t P I.
Proof. Let D “ tsn | n P Nu be a dense subset of I. From (Ky) we know that given
n P N there is a subset Jn Ă I of full measure such that
f
`
t, xpsnq, ypsnq
˘ ď f`t, xpsnq, zpsnq˘ for each t P Jn. (3.4)
Next we consider the subset J “ Ş8n“1 Jn Ă I, also of full measure and fix t P J .
From the density of D we find a subsequence psnkqkPN such that limkÑ8 snk “ t,
and from (3.4) we deduce that
f
`
t, xpsnkq, ypsnkq
˘ ď f`t, xpsnkq, zpsnkq˘ for each k P N . (3.5)
Moreover, from (L) and the continuity of the functions x, y and z we obtain
lim
kÑ8
f
`
t, xpsnkq, ypsnk
˘ “ f`t, xptq, yptq˘ ,
lim
kÑ8
f
`
t, xpsnkq, zpsnk
˘ “ f`t, xptq, zptq˘ ,
which together with (3.5) yields (3.3) for t P J , and finishes the proof of (i). The
proof of (ii) is omitted because it is similar. 
The previous results allow to obtain a crucial outcome. All the considered weak
(resp. strong) topologies coincide on closed subsets of LCpR2N ,RN q where all the
elements satisfy the property (Ky).
Proposition 3.4. Let E Ă LCpR2N ,RN q, Θ and pΘ be any pair of suitable sets of
moduli of continuity as in Definition 2.5, and D a countable dense subset of RN .
If all the functions in E satisfy (Ky), then
clspLC,σΘxΘqpEq “ clspLC,σΘDqpEq and clspLC,TΘxΘqpEq “ clspLC,TΘDqpEq.
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Proof. Firstly, notice that for any pair Θ and pΘ of suitable sets of moduli of con-
tinuity and any countable dense subset D Ă RN , σΘpΘ ě σΘD. Then, we will
complete the proof proving that the convergence in σΘD implies the one in σΘpΘ.
Let pfnqnPN be a sequence of functions in E converging to some f P LCpR2N ,RN q
with respect to σΘD. Fixed any interval I “ rp, qs, with p, q P Q, we consider its
partition in m subintervals of the same length, that is, for m P N,
I “
m´1ď
i“0
Ii, where Ii “
„
p` i q ´ p
m
, p` pi` 1qq ´ p
m

, i “ 0, . . . ,m´ 1.
Moreover, for any y P pKIj , with j P N, and any m P N, let ym : I Ñ RN and
ym : I Ñ RN be the simple functions defined by
ym
k
ptq “
m´1ÿ
i“0
χ
Ii
ptq inf
sPIi
ykpsq and ymk ptq “
m´1ÿ
i“0
χ
Ii
ptq sup
sPIi
ykpsq,
where χ
J
is the characteristic function of the interval J . Then, clearly one has
ymptq ď yptq ď ymptq, for all t P I .
Fix 0 ă ε ă 1{3. For every j P N there are rj P N and z1, . . . , zrj P D X Bj`1
such that Bj`1 Ă
Ťrj
i“1 Bεpziq. On the other hand, by construction and since pKIj
is compact, there is an m0 P N so that
}ym0 ´ y}L8pIq ă ε and }ym0 ´ y}L8pIq ă ε, for all y P pKIj .
From this, for every y P pKIj there are simple functions ym0D , ym0D : I Ñ tz1, . . . , zrju
such that, denoted by v the unitary vector v “ p1{?N, . . . , 1{?Nq,ˇˇpym0ptq ´ ε vq ´ ym0
D
ptqˇˇ ă ε and ˇˇpym0ptq ` ε vq ´ ym0D ptqˇˇ ă ε
for each t P I. One can easily check that
ym0
D
ptq ď ym0ptq ď yptq ď ym0ptq ď ym0D ptq, for all t P I,
}ym0
D
´ y}L8pIq ă 3 ε and }ym0D ´ y}L8pIq ă 3 ε, for all y P pKIj .
Therefore, from Lemma 3.3 and using the convergence in σΘD, we have that there
is an n0 such that for each n ą n0, i “ 0, . . . ,m0 ´ 1 and k “ 1, . . . , N ,
sup
xPKI
j
, yP pKI
j
ż
Ii
“ pfnqk `t, xptq, yptq˘ ´ fk`t, xptq, yptq˘‰ dt
ď sup
xPKI
j
, yP pKI
j
ż
Ii
“ pfnqk `t, xptq, ym0D ptq˘´ fk`t, xptq, ym0D ptq˘‰ dt
` sup
xPKI
j
, yP pKI
j
ż
Ii
ˇˇ
fk
`
t, xptq, ym0D ptq
˘´ fk`t, xptq, yptq˘ˇˇ dt
ď 3 ε
m0
` sup
xPKI
j
, yP pKI
j
ż
Ii
l
2pj`1q
f ptq }ym0D ´ y}L8pIq dt
ď 3 ε
m0
` 3 ε
ż
Ii
l
2pj`1q
f ptq dt ď
3 ε
m0
` 3 ε
ż
I
l
2pj`1q
f ptq dt .
(3.6)
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On the other hand, using ym0
D
and with analogous reasoning, one also has that
sup
xPKI
j
, yP pKI
j
ż
Ii
“
fk
`
t, xptq, yptq˘´ pfnqk `t, xptq, yptq˘‰ dt ď 3 εm0 ` 3 ε
ż
I
l
2pj`1q
f ptq dt .
Therefore, taking into account that fn and f have N components and there are m0
subintervals Ii whose union is I, the two previous chains of inequalities yield to
sup
xPKI
j
, yP pKI
j
ˇˇˇˇż
I
“
fn
`
t, xptq, yptq˘´ f`t, xptq, yptq˘‰ dtˇˇˇˇ ď 3Nε` 3Nε ż
I
l
2pj`1q
f ptq dt ,
and from the arbitrariness on ε we obtain the convergence in σΘpΘ, as claimed.
The proof for the strong topologies can be carried out similarly. Maintaining the
previous notation and arguing again for each k “ 1, . . . , N , we can writeˇˇpfnqk`t, xptq, yptq˘´fk`t, xptq, yptq˘ˇˇ ď ˇˇpfnqk `t, xptq, ym0D ptq˘´fk`t, xptq, yptq˘ˇˇ
`
ˇˇˇ
pfnqk
`
t, xptq, ym0
D
ptq˘´fk`t, xptq, yptq˘ˇˇˇ .
Then, we obtain the conclusion by using, for each one of the integrals of the terms
on the right-hand side, the same chain of inequalities (3.6) employed before. 
The importance of the equivalence of the topologies in obtaining the continuity of
the skew-product semiflow generated by a set of Carathe´odory differential equations
has been extensively treated in [15]. In that work the equivalence was obtained via
a thorough topological study of the l-bounds of a set of Carathe´odory functions.
Hence, it is not surprising that a new result of continuity can be achieved.
Theorem 3.5. Consider E Ă LCpR2N ,RN q with L1loc-equicontinuous m-bounds
and such that every element of E satisfies (Ky). Let Θ be the suitable set of moduli
of continuity given by the m-bounds in Remark 2.13, D a countable dense subset of
Rn, and σΘD, TΘD the topologies of Definition 2.6.
(i) If
`
φn
˘
nPN
is a sequence converging uniformly to φ in C, and pfnqnPN is a
sequence in E converging to f in pLCpR2N ,RN q, σΘDq, then, with the notation
of Theorem 2.3, one has that
xp¨, fn, φnq nÑ8ÝÝÝÑ xp¨, f, φq
uniformly in any r´1, T s Ă If,φ.
(ii) if additionally E is invariant with respect to the base flow, and E denotes the
closure of E in pLCpR2N ,RNq, T q, where T P tσΘD, TΘDu then the map
Φ: U Ă R` ˆ E ˆ C Ñ E ˆ C, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘,
is a continuous skew-product semiflow.
Proof. As regards (i), consider a sequence pfnqnPN in E converging to some f P
E with respect to σΘD, a sequence pφnqnPN converging to some φ in C endowed
with the compact-open topology, and a sequence ptnqnPN converging to some t in
R. From Ascoli-Arzela´’s theorem, there exists a common modulus of continuity
θ0 P CpR`,R`q for tφn | n P Nu Y tφu and so one can construct the sets F0 and
Θ as in (2.5) and (2.6), respectively, and the topology σΘΘ as in Definition 2.6.
Thanks to Proposition 3.4, one has that pfnqnPN converges to f also with respect
to σΘΘ. Therefore, one has the result using Theorem 2.15.
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On the other hand, (ii) is a consequence of (i), of Propositions 2.12 and 3.2, and
of the continuity of the function pt, fq ÞÑ ft proved in [15, Theorem 3.8]. 
As follows we relate the previous results to monotone skew-product semiflows.
Recall the strongly ordering defined on C in (3.1).
Definition 3.6 (Monotone skew-product semiflow). Given a set E Ă LCpR2N ,RN q
invariant with respect to the base flow, the skew-product semiflow
Φ: U Ă R` ˆ E ˆ C Ñ E ˆ C, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘ (3.7)
is said to be monotone if
xpt, f, φq ď xpt, f, ψq whenever t P If,φ X If,ψ , f P E and φ ď ψ .
Monotone skew-product semiflows have been extensively studied in the litera-
ture. As follows, we show that the skew-product semiflow generated by a set of
Carathe´odory delay differential equations is monotone if and only if all the vector
fields are cooperative.
Theorem 3.7. Consider E Ă LCpR2N ,RN q invariant with respect to the base flow.
The following statements are equivalent:
(a) Every f P E satisfies (Kx) and (Ky).
(b) The skew-product semiflow (3.7) is monotone.
Proof. (a)ñ(b) Consider f P E, φ, ψ P C with φ ď ψ. Notice that xpt, f, φq and
xpt, f, ψq are the solutions of the Carathe´odory ordinary differential problems#
x1ptq “ f`t, x, φpt´ 1q˘,
xp0q “ φp0q, and
#
x1ptq “ f`t, x, ψpt´ 1q˘,
xp0q “ ψp0q.
for t P r0, 1s, assuming that r0, 1s Ă If,φ X If,ψ. Then xpt, f, φq ď xpt, f, ψq for
each t P r0, 1s follows from Walter [28, Theorem 2]. This argument can be iterated
on successive intervals of length smaller than one to obtain the inequality in any
compact interval contained in If,φ X If,ψ.
(b)ñ(a) We prove (Kx). Consider f P E, and a, b, c P RN such that a ď b and
ak “ bk for some k P t1, . . . , Nu. Fixed any t0 P R, consider φ, ψ P Cprt0´1, t0s,RNq
defined by φpsq “ pt0´sq c`ps´ t0`1q a and ψpsq “ pt0´sq c`ps´ t0`1q b , and
let xptq and yptq be the solutions of the Carathe´odory delay differential problems#
x1ptq “ f`t, xptq, xpt ´ 1q˘,
xpsq “ φpsq , s P rt0 ´ 1, t0s
and
#
y1ptq “ f`t, yptq, ypt´ 1q˘,
ypsq “ ψpsq , s P rt0 ´ 1, t0s,
defined on rt0, t0 ` hs for some h P r0, 1s.
From φpsq ď ψpsq for each s P rt0´ 1, t0s and (b) we deduce that xptq ď yptq for
t P rt0, t0 ` hs which together with xkpt0q “ ak “ bk “ ykpt0q yields to
1
h
ż t0`h
t0
fkps, xpsq, φps ´ 1qq ds ď 1
h
ż t0`h
t0
fkps, ypsq, ψps´ 1qq ds . (3.8)
Moreover, denoting by Mphq “ maxsPrt0,t0`hsp
ˇˇ
xpsq ´ a| ` |φps´ 1q ´ c|˘ and by l
and adequate l-bound for f , one can easily prove thatˇˇˇˇ
ˇ 1h
ż t0`h
t0
pfkps, xpsq, φps ´ 1qq ´ fkps, a, cqqq ds
ˇˇˇˇ
ˇ ďMphq 1h
ż t0`h
t0
lpsq ds .
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However, thanks to Lebesgue’s theorem, for a.e. t0 P R the right-hand side of the
previous inequality vanishes as hÑ 0 since limhÑ0Mphq “ 0. Therefore,
lim
hÑ0
1
h
ż t0`h
t0
fkps, xpsq, φps ´ 1qq ds “ fkpt0, a, cq for a.e. t0 P R.
Analogously, we have that for a.e. t0 P R the integral on the right-hand side of (3.8)
converges to fkpt0, b, cq as hÑ 0. Hence, as hÑ 0, (3.8) becomes
fkpt0, a, cq ď fkpt0, b, cq for a.e. t0 P R,
which concludes the proof of (Kx), as claimed.
In order to prove (Ky), take f P E and a, b, c P RN such that b ď c. Fix t0 P R
and consider φ, ψ P Cprt0 ´ 1, t0s,RNq defined by φpsq “ pt0 ´ sq b` ps´ t0 ` 1q a
and ψpsq “ pt0 ´ sq c` ps´ t0 ` 1q a . Maintaining the above notation for xptq and
yptq and taking into account that now xpt0q “ ypt0q “ a, we deduce (3.8) for all
k P t1, . . . , Nu, and Lebesgue’s theorem provides
fkpt0, a, bq ď fkpt0, a, cq, for all k “ 1, . . . , N, and a.e. t0 P R ,
which finishes the proof. 
As a consequence of this characterization and of Theorem 3.5, one immediately
obtains that the monotone skew-product semiflow generated by a suitable set of
Carathe´odory delay differential equations is continuous.
Corollary 3.8. Consider E Ă LCpR2N ,RNq invariant with respect to the base flow
and with L1loc-equicontinuous m-bounds. Let E be its closure in LCpR2N ,RN q with
respect to T P tσΘD, TΘDu, where Θ is the suitable set of moduli of continuity given
by the m-bounds in Remark 2.13, and D a countable dense subset of RN . If
Φ: U Ă R` ˆ E ˆ C Ñ E ˆ C, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘,
is a monotone skew-product semiflow, then it is also continuous.
Proof. The result is a direct consequence of Theorem 3.5 and Theorem 3.7. 
Next we want to remark that cooperative systems of Carathe´odory differential
equations preserve the strict order for each component.
Lemma 3.9. Assume that system (2.3) is cooperative, that is, f satisfies Kamke’s
conditions (Kx) and (Ky). Consider two initial data φ and ψ P C such that φ ď ψ
and φkp0q ă ψkp0q for some k P t1, . . . , Nu. Then
xkpt, f, φq ă xkpt, f, ψq whenever t ą 0 and t P If,φ X If,ψ .
In particular, if φp0q ! ψp0q, then xpt, f, φq ! xpt, f, ψq.
Proof. We denote vptq “ xpt, f, φq and wptq “ xpt, f, ψq and reason for the first
component for simplicity of notation. The proof for the other components is analo-
gous. We claim that w11ptq´v11ptq ě ´lptq pw1ptq´v1ptqq for an appropriate l-bound
of f . From Theorem 3.7 we know that wptq ´ vptq ě 0 for each t P If,φ X If,ψ.
Then, from (Kx) we deduce that
f1pt, wptq, wpt ´ 1qq ě f1pt, w1ptq, v2ptq, . . . , vN ptq, vpt´ 1qq ,
which together with the following inequality due to (L)
f1pt, w1ptq, v2ptq, . . . , vN ptq, vpt ´ 1qq ´ f1pt, vptq, vpt ´ 1q ě ´lptq pwptq ´ vptqq
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proves the claim. Therefore, recalling that w1p0q ´ v1p0q “ ψ1p0q ´ φ1p0q ą 0, and
using a comparison result for Carathe´odory differential equations [28, Theorem 2],
we conclude that w11ptq ´ v11ptq ě pw1p0q ´ v1p0qq exp
` ´ şt
0
lpsq ds˘ ą 0 for each
t ą 0 satisfying t P If,φ X If,ψ , which finishes the proof. 
We conclude this section by considering two more sets of assumptions which still
involve Kamke’s conditions. Firstly, we will consider (Kx) and (Ky) together with
a very mild assumption on the Lipschitz coefficients of the components of the vector
field, and then a condition of monotonicity which implies both (Kx) and (Ky). It
is worth noticing that, at least for the strong topologies, we are now able to obtain
the same results as before but without assuming that the vector fields have L1loc-
equicontinuous m-bounds. In fact, we obtain something more. In both cases of
strong and weak topologies we are able to prove the continuous dependence of the
solutions and the continuity of the associated skew-product semiflow when weaker
topologies are employed. To the aim let us recall such two further families of strong
and weak topologies on SC
`
R2N ,RN
˘
.
Definition 3.10 (Topologies TP and σP ). Let P be a countable dense subset of
R2N . We call TP (resp. σP ) the topology on SC
`
R2N ,RN
˘
generated by the family
of seminorms
pI, xpfq “
ż
I
|fpt, xq|dt
ˆ
resp. pI, xpfq “
ˇˇˇˇ ż
I
fpt, xq dt
ˇˇˇˇ˙
for f P SC`R2N ,RN˘, x P P, I “ rq1, q2s, q1, q2 P Q. `SC`R2N ,RN˘, TP ˘ and`
SC
`
R2N ,RN
˘
, σP
˘
are locally convex metric spaces.
Remark 3.11. Consider any two countable dense subsets D and D1 of R
N and the
countable dense subset P “ D1 ˆD of R2N . Let Θ and pΘ be any pair of suitable
sets of moduli of continuity as in Definition 2.5, such that for any I “ rq1, q2s,
q1, q2 P Q and j P N one has
θIj ptq ď θˆIj ptq, for all t P r0,8q.
Then, one can draw the following chains of order:
σP ď TP ď TΘD ď TΘ ď TΘΘ ď TΘpΘ and σP ď σΘD ď σΘ ď σΘΘ ď σΘpΘ ď TΘpΘ,
where, in particular, the order relations TΘ ď TΘΘ and σΘ ď σΘΘ hold true
thanks to Proposition 2.13 in [15]. Clearly, one might expand the previous chains
of inequalities (or generate new branches) by considering more suitable sets of mod-
uli of continuity (satisfying appropriate relations of partial order) and/or different
countable dense subsets of RN and R2N , and the corresponding induced topologies.
Recall that a set S of positive functions is L1loc-bounded if supuPS
şr
´r
uptq dt ă 8
for each r ą 0.
Definition 3.12. A set E Ă LCpR2N ,RN q satisfies
(Lx) if for each f P E, j P N and k “ 1, . . . , N there is ujfk P L1loc such that, for any
px, yq “ px1, . . . , xk, . . . , xN , yq, pxk, yq “ px1 . . . , xk, . . . , xN , yq P Bj Ă R2N ,
|fkpt, x, yq ´ fkpt, xk, yq| ď ujfkptq |xk ´ xk|, for a.e. t P R ,
and the set
 
u
j
fk
| f P E( is L1loc-bounded.
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Notice that this assumption is formulated componentwise and then is weaker that
the existence of L1loc-bounded l-bounds and L
1
loc-bounded l1-bounds (see Defini-
tions 2.1 and 2.4).
The following result gathers together two auxiliary facts concerning (Lx).
Proposition 3.13. Let P be a countable dense subset of R2N , E be a subset of
LCpR2N ,RN q satisfying (Lx), and T P tTP , σP u as in Definition 3.10. Then
(i) the closure of E with respect to T satisfies (Lx);
(ii) if every function in E satisfies also (Kx), (Ky), and Θ, pΘ is any pair of suitable
sets of moduli of continuity as in Definition 2.5, then
clspLC,σΘxΘqpEq “ clspLC,σP qpEq and clspLC,TΘxΘqpEq “ clspLC,TP qpEq.
Proof. The proof of (i) can be carried out following exactly the same arguments
of [15, Proposition 2.19].
As regards (ii), Proposition 3.4 serves as a guide for the proof and we will only
remark the differences between them. Considered P Ă R2N as in the assumptions,
and keeping in mind Remark 3.11, we shall prove that the convergence in σP implies
the one in σΘpΘ for any pair of suitable sets of moduli of continuity Θ, pΘ.
Let pfnqnPN be a sequence of functions in E converging to some f P LCpR2N ,RN q
with respect to σP and fix any interval I “ rp, qs, with p, q P Q and any j P N. As
in Proposition 3.4, given ε ą 0, x P KIj and y P pKIj , there is an m0 P N for which
we construct simple functions xm0P , x
m0
P , y
m0
P
, ym0P : I Ñ P such that
xm0P ptq ď xptq ď xm0P ptq and ym0P ptq ď yptq ď y
m0
P ptq for all t P I,
approaching x and y in L8pIq, uniformly on KIj and pKIj respectively.
Next we can proceed as in the proof of Proposition 3.4. First we will denote
xm0P ptq “
`pxm0P q1ptq, . . . , pxm0P qkptq, . . . , pxm0P qN ptq˘ ,
ppxm0P qkptq “ `pxm0P q1ptq, . . . , xkptq, . . . , pxm0P qN ptq˘ .
From Lemma 3.3 we deduce that pfnqkpt, xptq, yptqq ď pfnqk
`
t, ppxm0P qkptq, ym0P ptq˘,
an hence, now instead of (3.6), we will obtain
sup
xPKI
j
, yP pKI
j
ż
Ii
“ pfnqk`t, xptq, yptq˘´ fk`t, xptq, yptq˘‰ dt
ď sup
xPKI
j
, yP pKI
j
ż
Ii
ˇˇ pfnqk` t, ppxm0P qkptq, ym0P ptq˘´ pfnqk `t, xm0P ptq, ym0P ptq˘ˇˇ dt
` sup
xPKI
j
, yP pKI
j
ż
Ii
“ pfnqk `t, xm0P ptq, ym0P ptq˘´ fk`t, xm0P ptq, ym0P ptq˘‰ dt
` sup
xPKI
j
, yP pKI
j
ż
Ii
ˇˇ
fk
`
t, xm0P ptq, ym0P ptq
˘´ fk`t, xptq, yptq˘ˇˇ dt
ď sup
xPKI
j
ż
Ii
u
2pj`1q
pfnqk
ptq }pxm0P qk ´ xk}L8pIq dt`
3 ε
m0
` sup
yP pKI
j
ż
Ii
l
2pj`1q
f ptq }ym0P ´ y}L8pIqdt ď
3 ε
m0
` 3 ε
ż
Ii
”
u
2pj`1q
pfnqk
ptq ` l2pj`1qf ptq
ı
dt.
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The rest of the proof is exactly as in Proposition 3.4, once one realizes that, due
to the assumption of L1loc-boundedness for
 
u
2pj`1q
g | g P E
(
, the integral on the
right-hand side of the previous inequality is bounded uniformly on n P N. The
proof for TP and TΘpΘ is similar and again on the line of the suggestion given in
Proposition 3.4. 
We are now ready to give the first result of continuous dependence of the solutions
employing the topologies TP and σP , and of continuity of the induced skew-product
semiflows.
Theorem 3.14. Let E be a subset of LCpR2N ,RN q satisfying (Lx), and such that
each element of E satisfies (Kx) and (Ky). Let P be a countable dense subset of
R2N and consider the topologies σP , TP as constructed in Definition 3.10.
(i) If
`
φn
˘
nPN
is a sequence in C converging uniformly to φ P C, and pfnqnPN is a
sequence in E converging to f in pLCpR2N ,RN q, TP q, then, with the notation
of Theorem 2.3, one has that
xp¨, fn, φnq nÑ8ÝÝÝÑ xp¨, f, φq
uniformly in any r´1, T s Ă If,φ.
(ii) if E is invariant with respect to the base flow, and E denotes the closure of E
in pLCpR2N ,RN q, TP q then the map
Φ: U Ă R` ˆ E ˆ C Ñ E ˆ C, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘,
is a local monotone continuous skew-product semiflow.
(iii) If additionally E has L1loc-equicontinuous m-bounds, then (i) and (ii) hold true
also when the topology σP is employed in place of TP .
Proof. In order to prove (i), first consider t P r0, 1s and the Carathe´odory ordinary
differential equations Cauchy problems#
x1ptq “ fn
`
t, xptq, φnpt´ 1q
˘
xp0q “ φnp0q.
and
#
x1ptq “ f`t, xptq, φpt ´ 1q˘
xp0q “ φp0q. (3.9)
We shall prove the uniform convergence of
`
xp¨, fn, φnq
˘
nPN
to xp¨, f, φq in r0, T s for
any 0 ă T ă mint1, bf,φu. Denote
0 ă ρ “ 1`max  p}φn}CqnPN, }xp¨, f, φq}Cpr´1,T sq( , (3.10)
and for all n P N define
znptq “
#
xpt, fn, φnq, if 0 ď t ă Tn,
xpTn, fn, φnq, if Tn ď t ď T .
where Tn “ suptt P r0, T s | |xps, fn, φnq| ď ρ, @ s P r0, tsu. From (3.10) and the
continuity of
`
xp¨, fn, φnq
˘
nPN
, we deduce that Tn ą 0 for any n P N. In particular,
pznqnPN is uniformly bounded. Consider j P N so that 2ρ ă j. Now we want to
control |znpt1q ´ znpt2q| for t1, t2 P r0, Tnq and t1 ă t2. For simplicity of notation,
we will just study the first of the components:
|pznq1pt1q ´ pznq1pt2q| ď
ż t2
t1
ˇˇpfnq1`s, znpsq, φnps´ 1q˘ˇˇ ds .
MONOTONE SKEW-PRODUCT SEMIFLOWS FOR CARATHE´ODORY DE 19
It is easy to check that there is a kj ą j and a, b P P XBkj such that a ď px, yq ď b
for each px, yq P Bj . From (Kx) and (Ky) we obtain
pfnq1ps, pznq1psq, a2, . . . , a2N q ď pfnq1ps, znpsq, φnps´ 1qq
ď pfnq1ps, pznq1psq, b2, . . . , b2Nq .
Thus, denoting by g, gn, h and hn : RÑ R the functions of LCpR,Rq given by
gpt, vq “ pfq1pt, v, a2 . . . , a2N q and gnpt, vq “ pfnq1pt, v, a2 . . . , a2N q
hpt, vq “ pfq1pt, v, b2 . . . , b2Nq and hnpt, vq “ pfnq1pt, v, b2 . . . , b2N q ,
we deduce that |pfnq1ps, znpsq, φnps´ 1qq| ď
ˇˇ
gn
`
s, pznq1psq
˘ˇˇ` ˇˇhn`s, pznq1psq˘ˇˇ and
|pznq1pt1q ´ pznq1pt2q| ď
ż t2
t1
ˇˇ
gn
`
s, pznq1psq
˘´ g`s, pznq1psq˘ˇˇ ds
`
ż t2
t1
ˇˇ
hn
`
s, pznq1psq
˘´ h`s, pznq1psq˘ˇˇ ds (3.11)
` 2
ż t2
t1
m
kj
f psq ds “ I1 ` I2 ` I3
where m
kj
f is the optimal m-bound for f on Bkj Ă R2N .
Let D1 and D2 be countable dense subsets of R and R
2N´1 such that a1, b1 P D1
and pa2, . . . , a2N q, pb2, . . . , b2N q P D2. Since pfnqnPN converges to f with respect to
TP and the assumptions of Proposition 3.13 are satisfied, then pfnqnPN converges
to f also with respect to TD1ˆD2 . From this fact one easily obtains that pgnqnPN
converges to g, and hn converges to h with respect to TD1 .
Moreover, from (Lx) the sequence of functions tgn | n P Nu and thn | n P Nu have
L1loc-bounded l-bounds, and consequently, thanks to Theorem 4.12 in [13] they also
converge to g and h respectively with respect to the topology TB . In particular,
this fact implies that the integrals I1 and I2 of (3.11) tend to 0 as n goes to 8
(see [13] for details about the convergence in TB). On the other hand, thanks to
the absolute continuity of the Lebesgue integral, given ε ą 0 there is a δ ą 0 such
that I3 ď ε provided that t2 ´ t1 ă δ.
Summing up, and taking into account that in rTn, T s the left-hand side of (3.11)
vanishes, given ε ą 0 there is a δ ą 0 and an n1 P N such that
|pznq1pt1q ´ pznq1pt2q| ď 3 ε whenever n ě n1, 0 ď t1 ď t2 ď T and t2 ´ t1 ă δ ,
from which the equicontinuity of the sequence pznqnPN is obtained. Therefore,
Ascoli-Arzela´’s theorem implies that pznqnPN converges uniformly, up to a subse-
quence, to some continuous function z : r0, T s Ñ RN .
Next, we prove that zptq ” xpt, f, φq for each t P r0, T s. Define
T0 “ sup tt P r0, T s | |zpsq| ă ρ´ 1{2 for all s P r0, tsu , (3.12)
and notice that T0 ą 0 because pφnqnPN converges uniformly to φ in r´1, 0s and
z is continuous. Since zn converges uniformly to z in r0, T s, then there exists an
n0 P N such that if n ą n0, then |znptq| ă ρ´ 1{4 for all t P r0, T0s.
Therefore, for any t P r0, T0s and for any n ą n0 one has znptq “ xpt, fn, φnq and
znptq “ φnp0q `
ż t
0
fn
`
s, znpsq, φnps´ 1q
˘
ds , t P r0, T0s , n ą n0 . (3.13)
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Now consider the compact set K “ tzn | n P Nu Y tzu Ă C
`r0, T s,RN˘ and let
θ : R` Ñ R` be its modulus of continuity. Moreover, since `φn˘nPN converges
uniformly to φ P C, the set tφn | n P Nu Y tφu also has a common modulus of
continuity, say θˆ : R` Ñ R`. The sets Θ “ tθu and pΘ “ tθˆu are suitable sets
of moduli of continuity. Then again thanks to Proposition 3.13, since pfnqnPN
converges to f in pLCpR2N ,RN q, TP q, then pfnqnPN converges to f also with respect
to TΘpΘ, and passing to the limit as nÑ8 in (3.13), we deduce that
zptq “ x0 `
ż t
0
f
`
s, zpsq, zps´ 1q˘ ds , t P r0, T0s .
In other words, in r0, T0s, zptq is the solution of the problem on the right-hand
side of (3.9). Finally, notice that it must be T0 “ T . Otherwise, by (3.12) and
by the continuity of z, one would have |zpT0q| “ |xpT0, f, x0q| “ ρ ´ 1{2, which
contradicts (3.10). Hence, for any t P r0, T s we have that xpt, f, x0q “ zptq and
xpt, fn, x0,nq “ znptq for any n P N. This reasoning can be iterated to obtain the
uniform convergence on any compact interval of the maximal interval of definition
of xp¨, f, x0q, which concludes the proof of (i).
We obtain (ii) as a consequence of (i), of Propositions 3.2 and 3.13, and of the
continuity of the function pt, fq ÞÑ ft proved in [15, Theorem 3.8].
As regards (iii), one can proceed exactly as for (i) except that now the equiconti-
nuity of the sequence pznqnPN follows from the L1loc-equicontinuity of the m-bounds.
Notice that in this case, the limit as nÑ8 in (3.13) is initially taken only for t P Q
but then one gets the result for any t P r0, T0s thanks to the continuity of z and
of the integral operator. The result for the skew-product semiflow is obtained once
again combining the continuous dependence of the solutions with the continuity of
the function pt, fq ÞÑ ft proved in [15, Theorem 3.8]. 
We introduce a stronger monotonicity condition implying both (Kx) and (Ky).
Definition 3.15. A function f P LCpR2N ,RN q satisfies
(Kxy) if for any a, b, c, d P RN with a ď b and c ď d, then
fkpt, a, cq ď fkpt, b, dq, for all k “ 1, . . . , N, and a.e. t P R.
The following result gathers together some of the analogous properties proved
for (Ky) before.
Proposition 3.16. Let P be a countable dense set of R2N and T P tTP , σP u.
(i) If f P LCpR2N ,RNq satisfies (Kxy), then for any interval I Ă R and any
x, y, u, v P CpI,RN q, with xptq ď uptq and yptq ď vptq for all t P I, one has that
f
`
t, xptq, yptq˘ ď f`t, uptq, vptq˘, for a.e. t P I.
(ii) If every function in E Ă LCpR2N ,RN q satisfies (Kxy), then also any function
in the closure of E with respect to T satisfies (Kxy).
(iii) If every function in E Ă LCpR2N ,RN q satisfies (Kxy), and Θ, pΘ is any pair of
suitable sets of moduli of continuity as in Definition 2.5, then
clspLC,σΘxΘqpEq “ clspLC,σP qpEq and clspLC,TΘxΘqpEq “ clspLC,TP qpEq.
Proof. The statements can be proved using arguments similar to the ones employed
in the proofs of Lemma 3.3, Proposition 3.2 and Proposition 3.4, respectively. 
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Then the following additional result of continuity of the skew-product semiflows
generated by a set of Carathe´odory delay differential equations are obtained.
Theorem 3.17. Consider E Ă LCpR2N ,RN q such that every element of E satis-
fies (Kxy). Let P be any countable dense subset of R
2N and σP , TP the topologies
introduced in Definition 3.10.
(i) If
`
φn
˘
nPN
is a sequence converging uniformly to φ in C, and pfnqnPN is a
sequence in E converging to f in pLCpR2N ,RN q, TP q, then, with the notation
of Theorem 2.3, one has that
xp¨, fn, φnq nÑ8ÝÝÝÑ xp¨, f, φq
uniformly in any r´1, T s Ă If,φ.
(ii) if E is invariant with respect to the base flow, and E denotes the closure of E
in pLCpR2N ,RN q, TP q then the map
Φ: U Ă R` ˆ E ˆ C Ñ E ˆ C, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘,
is a local monotone continuous skew-product semiflow
(iii) If additionally E has L1loc-equicontinuous m-bounds, then (i) and (ii) hold true
also when the topology σP is employed in place of TP .
Proof. The proof can be carried out reasoning as in Theorem 3.14. Maintaining
the notation of its proof, from (Kxy) we deduce the inequality
|pznqkpt1q ´ pznqkpt2q| ď
ż t2
t1
ˇˇpfnqk`s, znpsq, φnps´ 1q˘ˇˇ ds
ď
ż t2
t1
ˇˇpfnqk`s, a˘´ pfqk`s, a˘ˇˇ ds (3.14)
`
ż t2
t1
ˇˇpfnqk`s, b˘´ pfqk`s, b˘ˇˇ ds` 2 ż t2
t1
m
j`1
f psq ds ,
for k “ 1, . . . , N , which, from the convergence of pfnqnPN to f with respect to TP
and the absolute continuity of the Lebesgue integral, leads to the equicontinuity of
pznqnPN. The rest of the proof follows exactly the same arguments with the help,
in this case, of Proposition 3.16. 
The reasoning behind the proofs of Theorems 3.17 and 3.14 immediately suggests
that if one deals with a set of ordinary differential equation of Carathe´odory type,
two new results of continuity for the associated skew-product flow can be derived.
Given f P LCpRN ,RN q and x0 P RN , we will denote by xp¨, f, x0q : If,x0 Ñ RN the
unique maximal solution of the Cauchy problem
x1ptq “ f`t, xptq˘, xp0q “ x0 .
The monotoniticy conditions, as well as the corresponding condition (Lx) for a set
of functions in this case, are stated in the next definitions.
Definition 3.18. We say that f P LCpRN ,RN q satisfies
(K1) if for any a, b P RN with a ď b and ak “ bk for some k P t1, . . . , Nu, then
fkpt, aq ď fkpt, bq, for a.e. t P R;
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(K2) if for any a, b P RN with a ď b, then
fkpt, aq ď fkpt, bq, for all k “ 1, . . . , N, and a.e. t P R.
Definition 3.19. A set E Ă LCpRN ,RN q satisfies
(L1) if for each f P E, j P N and k “ 1, . . . , N there is ujfk P L1loc such that, for
any x “ px1, . . . , xk, . . . , xN q, xk “ px1 . . . , xk, . . . , xN q P Bj Ă RN ,
|fkpt, xq ´ fkpt, xkq| ď ujfkptq |xk ´ xk|, for a.e. t P R ,
and the set tujfk | f P Eu is L1loc-bounded.
The proofs of the following continuity results are omitted as they can be easily
worked out from the ones of Theorems 3.14 and 3.17.
Proposition 3.20. Consider E Ă LCpRN ,RN q satisfying (L1) and such that every
element of E satisfies (K1). Let D be a countable dense subset of R
N .
(i) Let pfnqnPN be a sequence in E converging to f in pLCpRN ,RN q, TDq and
px0,nqnPN is a sequence converging to x0 P RN , then
xp¨, fn, x0,nq nÑ8ÝÝÝÑ xp¨, f, x0q
uniformly in any rT1, T2s Ă If,x0 .
(ii) If E is invariant with respect to the base flow, and E denotes the closure of E
in pLCpRN ,RN q, TDq, then
Φ: U Ă Rˆ E ˆ RN Ñ E ˆ RN , pt, f, x0q ÞÑ
`
ft, xpt, f, x0q
˘
,
is a local monotone continuous skew-product flow.
(iii) If additionally E has L1loc-equicontinuous m-bounds, then (i) and (ii) hold true
also when the topology σD is employed in place of TD.
Proposition 3.21. Consider E Ă LCpRN ,RN q such that every element of E sat-
isfies (K2) and let D be a countable dense subset of R
N .
(i) Let pfnqnPN be a sequence in E converging to f in pLCpRN ,RN q, TDq and
px0,nqnPN is a sequence converging to x0 P RN , then
xp¨, fn, x0,nq nÑ8ÝÝÝÑ xp¨, f, x0q
uniformly in any rT1, T2s Ă If,x0 .
(ii) If E is invariant with respect to the base flow, and E denotes the closure of E
in pLCpRN ,RN q, TDq, then
Φ: U Ă Rˆ E ˆ RN Ñ E ˆ RN , pt, f, x0q ÞÑ
`
ft, xpt, f, x0q
˘
,
is a local monotone continuous skew-product flow.
(iii) If additionally E has L1loc-equicontinuous m-bounds, then (i) and (ii) hold true
also when the topology σD is employed in place of TD.
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4. Monotone sublinear Carathe´odory skew-product semiflows
Let E be a subset of LCpR2N ,RN q invariant with respect to the base flow and
closed with respect to a topology T . In the previous section, assuming appropriate
conditions on E and T , we obtained several results asserting that the map
Φ: R` ˆ E ˆ C Ñ E ˆ C, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘ (4.1)
is a monotone continuous skew-product semiflow. This will be the situation consid-
ered throughout the current section. Recall that C is endowed with a strong partial
ordering (3.1) with positive cone C` “ tφ P C | φ ě 0u.
The following definitions, previously introduced both for deterministic and ran-
dom monotone semiflows (see [19] and [6]), are of great importance for the long-term
behavior of the trajectories. Note that these concepts are associated to the semiflow
Φ, although this dependence does not appear explicitly in the definition.
Definition 4.1 (semi-equibrium). A map a : E Ñ C such that xpt, f, apfqq is de-
fined for any t ě 0 is
(i) a sub-equilibrium if apftq ď xtp¨, f, apfqq for any f P E and t ě 0,
(ii) a super-equilibrium if xtp¨, f, apfqq ď apftq for any f P E and t ě 0,
(iii) an equilibrium if apftq “ xtp¨, f, apfqq for any f P E and t ě 0.
We will use the term semi-equilibrium to refer either to a super or a sub-equilibrium.
Definition 4.2. A sub-equilibrium (resp. super-equilibrium) a : E Ñ C is lower-
semicontinuous (resp. upper-semicontinuous) if for any sequence pfnqnPN converg-
ing to some f in E with respect to T :
(i) tapfnq | n P Nu is a relatively compact subset of C, and
(ii) apfq ď φ (resp. φ ď apfq) whenever there is a subsequence pfnkqkPN satisfying
limkÑ8 apfnkq “ φ.
These concepts apply to the case of an equilibrium because it is both a sub- and a
super-equilibrium.
The notion of semicontinuous semiequilibrium introduced above will be enough
for the purposes of this work. Anyhow, it is easy to check that if a : E Ñ C
satisfies Definition 4.2, then it is possible to define an associated multievaluated
function a : E Ñ C which is upper-semicontinuous in the usual sense (see Aubin
and Frankowska [4].
Remark 4.3. Notice that if a is a lower-semicontinuous sub-equilibrium, then
the set tpf, φq P E ˆ C | apfq ď φu is a positively invariant closed set. Indeed,
the positively invariance follows from Definition 4.1(i). As regards the closeness,
consider a sequence pfn, φnqnPN converging to some pf, φq P E ˆ C and such that
for each n P N, apfnq ď φn. By the lower-semicontinuity there is a subsequence
pfnkqkPN and ψ P C such that limkÑ8 apfnkq “ ψ with apfq ď ψ, and hence,
apfq ď ψ ď φ, as claimed. Similarly, tpf, φq P E ˆ C | bpfq ě φu is a positively
invariant closed set, provided that b is an upper-semicontinuous super-equilibrium.
Theorem 4.4. Consider Φ one of the monotone continuous skew-product semiflows
given in (4.1). Let a : E Ñ C be a lower-semicontinuous sub-equilibrium and let
b : E Ñ C be an upper-semicontinuous super-equilibrium such that apfq ď bpfq for
each f P E, then
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(i) for any τ ě 0 the function
aτ : E Ñ C, f ÞÑ aτ pfq “ xτ p¨, f´τ , apf´τ qq
is a lower-semicontinuous sub-equilibrium satisfying
apfq ď aτ1pfq ď aτ2pfq ď bpfq whenever 0 ď τ1 ď τ2 and f P E; (4.2)
(ii) the limit upfq “ limτÑ8 aτ pfq exists for any f P E, and u : E Ñ C is a
lower-semicontinuous equilibrium;
(iii) for any τ ą 0 the function
bτ : E Ñ C, f ÞÑ bτ pfq “ xτ p¨, f´τ , bpfτ qq,
is an upper-semicontinuous super-equilibrium satisfying
apfq ď bτ2pfq ď bτ1pfq ď bpfq whenever 0 ď τ1 ď τ2 and f P E; (4.3)
(iv) the limit vpfq “ limτÑ8 bτ pfq exists for any f P E, and v : E Ñ C is an
upper-semicontinuous equilibrium;
(v) for any f P E, apfq ď upfq ď vpfq ď bpfq.
Proof. (i) See [6, Proposition 3.4.1] to prove that aτ is a sub-equilibrium satisfy-
ing (4.2) for each fixed τ ą 0. Next we show that it is lower-semicontinuous. First
we check that given a sequence pfnqnPN converging to some f P E with respect to
T , the set taτ pfnq | n P Nu is relatively compact in C, i.e. there is a convergent
subsequence. From limnÑ8pfnq´τ “ f´τ and the lower semicontinuity of a we
deduce that there is a subsequence pfnkqkPN and φτ P C such that
lim
kÑ8
appfnkq´τ q “ φτ with apf´τ q ď φτ .
Then from the continuity of the skew-product semiflow (4.1) we conclude that
aτ pfnkq “ xτ p¨, pfnkq´τ , appfnkq´τ qq kÑ8ÝÝÝÑ xτ p¨, f´τ , φτ q in C ,
as claimed. Finally, aτ pfq “ xτ p¨, f´τ , apf´τ qq ď xτ p¨, f´τ , φτ q follows from the
monotone character of the skew-product semiflow (4.1), and hence, the lower-
semicontinuity of aτ is obtained.
(ii) First we claim that, for each f P E, the set taτ pfq | τ ě 1u Ă C is relatively
compact. The boundedness follows from (4.2), and the equicontinuity from the
cocycle property
aτ pfq “ xτ p¨, f´τ , apf´τ qq“x1p¨, f´1, xτ´1p¨, f´τ , apf´τ qqq “ x1p¨, f´1, aτ´1pf´1qq
and the m-bound for f´1 because taτ´1pf´1q | τ ě 1u is also bounded. As a
consequence, together with the monotonicity property (4.2), we deduce that there
exist a unique upfq “ limτÑ8 aτ pfq “ supτě0 aτ pfq in C, as stated. In order to
check that u is an equilibrium, notice that
xtp¨, f, upfqq “ lim
τÑ8
xtp¨, f, aτ pfqq “ lim
τÑ8
xtp¨, f, xτ p¨, f´τ , apf´τ qqq
“ lim
τÑ8
xt`τ p¨, f´τ , apf´τ qq “ lim
τÑ8
at`τ pftq “ upftq
whenever t ě 0 and f P E. Finally, we prove that it is lower-semicontinuous. Let
pfnqnPN be a sequence converging to some f P E with respect to T . We check
that tupfnq | n P Nu is relatively compact. The boundedness follows from (4.2),
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the lower-semicontinuity of a and the upper-semicontinuity of b. Next notice that,
since u is an equilibrium, we have
upfnq “ x1p¨, pfnq´1, uppfnq´1qq “ xp1 ` ¨, pfnq´1, uppfnq´1qq for each n P N,
and then, if we are in one of the cases for which E has L1loc-equicontinuous m-
bounds, the equicontinuity follows from the boundedness of the set of initial data
tuppfnq´1q | n P Nu. When the L1loc-equicontinuity of the m-bounds is not verified,
that is, Theorem 3.14[(i)-(ii)] and Theorem 3.17[(i)-(ii)], the equicontinuity follows
from similar arguments to the ones applied to check the equicontinuity of the se-
quence pznqnPN in these theorems, see inequalities (3.11) and (3.14), respectively.
Therefore, limkÑ8 upfnkq “ φ for some φ, and from the lower-semicontinuity of aτ ,
up to a subsequence, there is a ψτ P C with
aτ pfq ď ψτ “ lim
kÑ8
aτ pfnkq for each τ ě 0 .
From aτ pfnkq ď upfnkq we deduce that ψτ ď φ, and thus, upfq “ supτě0 aτ pfq ď φ,
which finish the proof of the lower-semicontinuity.
(iii) and (iv) can be proved reasoning as for (i) and (ii) respectively, but inverting
the appropriate inequalities accordingly. (v) follows from (4.2) and (4.3). 
Next we introduce the concepts of sublinear functions and sublinear skew-product
semiflows in our context.
Definition 4.5. A function f P LCpR2N ,RNq is said to be sublinear if
(S) for each x, y P RN , x, y ě 0, and each λ P r0, 1s
fpt, λ x, λ yq ě λfpt, x, yq for a.e. t P R .
A subset E Ă LCpR2N ,RN q is said to be sublinear or to satisfy (S) if all its elements
are sublinear.
Definition 4.6. The skew-product semiflow (4.1) is said to be sublinear if for each
function f P E
xtp¨, f, λ φq ě λxtp¨, f, φq whenever t ą 0, λ P r0, 1s and φ ě 0 . (4.4)
A function f P LCpR2N ,RN q is said to be a point of strong sublinearity for Φ if
xtp¨, f, λ φq " λxtp¨, f, φq whenever t ą 1, λ P p0, 1q and φ " 0. (4.5)
The next technical lemma allows us to pass from (S), formulated pointwise, to
a similar condition involving continuous functions. We omit the proof, analogous
to the one of Lemma 3.3.
Lemma 4.7. If f P LCpR2N ,RN q satisfies (S), then for each λ P r0, 1s, any interval
I Ă R and any functions x, y P CpI,RNq, with x, y ě 0 one has that
f
`
t, λ xptq, λ yptq˘ ě λ f`t, xptq, yptq˘, for a.e. t P I.
The sublinear character of the skew-product semiflow can be deduced from the
sublinearity of all the functions in E as shown in the next result.
Proposition 4.8. Consider Φ one of the monotone continuous skew-product semi-
flows given in (4.1) and assume that E satisfies property (S). Then, (4.1) preserves
the positive cone and induces a monotone and sublinear skew-product semiflow
Φ: R` ˆ E ˆ C` Ñ E ˆ C`, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘ . (4.6)
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Proof. The case λ “ 1 is trivial so let us fix f P E, λ P r0, 1q and φ " 0. We firstly
show that xpt, f, λ φq ě λxpt, f, φq for t P r0, 1s. Take
t1 “ suptτ P r0, 1s | xpt, f, φq ě 0 for all t P r0, τ su .
It is obvious that t1 ą 0. For each t P r0, t1s denote by vptq “ λxpt, f, φq and
wptq “ xpt, f, λ φq and notice that w1ptq “ gpt, wptqq where g : R ˆ RN Ñ RN ,
pt, yq ÞÑ fpt, y, λ φpt´ 1qq. Hence, from Lemma 4.7
v1ptq ´ gpt, vptqq “ λ fpt, xpt, f, φq, φpt ´ 1qq ´ gpt, vptqq ď 0 “ w1ptq ´ gpt, wptqq
a.e. in r0, t1s, which together with vp0q “ λφp0q “ wp0q and Theorem 2 of [28]
provides vptq ď wptq for t P r0, t1s. Next, from Lemma 3.9 and φp0q " λφp0q we
deduce that xpt1, f, φq " xpt1, f, λ φq, which along with xpt1, f, λ φq ě λxpt1, f, φq ě
0 shows that it must be t1 “ 1, and we obtain the claimed inequality. In a recursive
way we show the case t ą 1, and the sublinearity of the semiflow follows. Finally,
notice that from the monotonicity, if φ ě 0 we deduce that xtp¨, f, φq ě xtp¨, f, 0q
and from (4.4) with λ “ 0 the invariance of the positive cone C` is obtained. 
As a final result of this section, we show that under the assumptions of Theo-
rem 4.4 with the addition of sublinearity for the monotone continuous skew-product
semiflows (4.6), further important dynamic information can be drawn upon the
system. Indeed, one can single out two invariant subsets of E where either the
semicontinuous equilibria provided by Theorem 4.4 are in fact continuous and co-
incide, or where they determine the forward long-term behavior of the solutions. In
order to state and prove the result, let us firstly recall the definition of part metric.
Definition 4.9 (Part metric). Consider the equivalence relation on C` defined by
x „ y if and only if there is α ą 0 such that α´1x ď y ď αx. The classes of
equivalence in C` are called the parts of C`.
If C is a part of C`, then
ppx, yq :“ inftlogα | α´1x ď y ď αxu, x, y P C,
defines a metric on C called the part metric of C.
It is easy to check that Int C` “ tφ P C | φ " 0u is a part of C`.
Theorem 4.10. Let Φ be one of the monotone and sublinear continuous skew-
product semiflows (4.6) induced by (4.1) in the sublinear case. Let u, v : E Ñ Int C`
be the semicontinuous equilibria provided by Theorem 4.4 from the semiequilibria
a, b : E Ñ Int C`, and consider the sets
E´ :“
"
f P E
ˇˇˇˇ
there is a sequence tn Ó ´8 and
a point of strong sublinearity g P E with limnÑ8 ftn “ g
*
,
E` :“
"
f P E
ˇˇˇˇ
there is a sequence tn Ò `8 and
a point of strong sublinearity g P E with limnÑ8 ftn “ g
*
.
Then,
(i) E´ and E` are invariant.
(ii) Each function f P E´ is a continuity point for u and v and upfq “ vpfq. In
particular, u and v are continuous in E´.
(iii) For each f P E` and φ P Int C`
lim
tÑ8
p
`
upftq, xtp¨, f, φq
˘ “ lim
tÑ8
p
`
vpftq, xtp¨, f, φq
˘ “ 0. (4.7)
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In particular, if ptnqnPN is such that tn Ò 8 and limnÑ8 ftn “ g P E, then
lim
nÑ8
}upftnq ´ xtnp¨, f, φq}C “ lim
nÑ8
}vpftnq ´ xtnp¨, f, φq}C “ 0. (4.8)
Proof. (i) Let f P E´ and s P R. If we consider the sequence ptn ´ sqnPN, it is
immediate to check that limnÑ8ptn ´ sq “ ´8 and limnÑ8pfsqtn´s “ g, so that
fs P E´.
(ii) Let f P E´. Then, there exists a sequence tn Ó ´8, which can be assumed
to satisfy tn ă 0 and tn´1´tn ą 2 for each n P N, and a point of strong sublinearity
g P E such that limnÑ8 ftn “ g. First we check that upfq “ vpfq. Since u is a
lower-semicontinuos equilibrium and v an upper-semicontinuos equilibrium, up to
a subsequence, there are ru and rv P E such that
0 ! upgq ď ru “ lim
nÑ8
u
`
ftn
˘ ď lim
nÑ8
v
`
ftn
˘ “ rv ď vpgq .
First notice that since u and v are equilibria, and the part metric is decreasing
along the trajectories because of the sublinearity of the semiflow (see [6, Lemma
4.2.1(i)]), we deduce that
ppupftq, vpftqq ě ppupfsq, vpfsqq whenever t ď s . (4.9)
Next we claim that ppru, rvq “ 0. Otherwise, since g is a point of strong sublinearity
(see (4.5)), the contracting property under the part metric for the trajectory (see [6,
Lemma 4.2.1(ii)]), the continuity of the semiflow, the inequalities tn` 2 ă tn´1 for
each n P N and (4.9) provide
ppru, rvq ą ppx2p¨, g, ruqq, x2p¨, g, rvqq “ lim
nÑ8
ppx2p¨, ftn , upftnqq, x2p¨, ftn , vpftnqqq
“ lim
nÑ8
ppupftn`2q, vpftn`2qq ě lim
nÑ8
ppupftn´1q, vpftn´1qq “ ppru, rvq ,
a contradiction, and ppru, rvq “ 0, as claimed. Finally, again from (4.9) and tn ă 0
we deduce that 0 ď ppupfq, vpfqq ď ppupftnq, vpftnqq, which as n goes to 8 yields
0 ď ppupfq, vpfqq ď ppru, rvq “ 0, that is, upfq “ vpfq, as stated.
Now we check that each f P E´ is a continuity point for u and v. Again, from the
lower- and upper-semicontinuity of the equilibria and Theorem 4.4(v), we deduce
that for each sequence pfnqnPN converging to f , there is a subsequence pfnkqkPN
such that
upfq ď lim
kÑ8
upfnkq ď lim
kÑ8
vpfnkq ď vpfq .
Thus, from upfq “ vpfq we conclude that lim
kÑ8
upfnkq “ lim
kÑ8
vpfnkq “ upfq “ vpfq,
and the continuity of u and v in E´ is obtained.
(iii) We will show the results for u because the corresponding ones for v are
analogous. Let f P E` and φ " 0. As in (4.9), from the sublinear character of
the semiflow, the function P ptq “ ppupftq, xtp¨, f, φqq is positive and decreasing in
t ą 0, that is, P ptq ě P psq ě 0 whenever 0 ă t ď s, and hence there exists the
limit as t Ò 8. We check that it is 0 as claimed.
Since f P E`, there is a sequence tn Ò 8 which can be assumed to satisfy tn ą 0
and tn`1´ tn ą 2 for each n P N, and a point of strong sublinearity g P E such that
limnÑ8 ftn “ g. Again, from the lower-semicontinuity of u there is a subsequence,
we will take the whole one, and ru P E satisfying 0 ! upgq ď ru “ limnÑ8 u`ftn˘.
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We assume that ppupfq, φq “ P p0q ą 0, otherwise P would vanish on R` and the
claim is trivially true. Then, there is an α ą 1 such that α´1upfq ď φ ď αupfq,
and the monotonicity of the semiflow provides
xtp¨, f, α´1upfqq ď xtp¨, f, φq ď xtp¨, f, α upfqq . (4.10)
Moreover, from the sublinearity of the semiflow, since α´1 ă 1 we deduce that
α´1upftq “ α´1xtp¨, f, upfqq ď xtp¨, f, α´1upfqq and
xtp¨, f, α upfqq ď αxtp¨, f, upfqq “ αupftq ,
which, together with (4.10) and evaluating at tn, show that txtnp¨, f, φq | n P Nu is
bounded because
α´1upftnq ď xtnp¨, f, φq ď αupftnq
and upftnq Ñ ru as n Ò 8. We omit the proof of the equicontinuity because
follows the same arguments of Theorem 4.4 for proving that tupfnq | n P Nu was
equicontinuous. Consequently, txtnp¨, f, φq | n P Nu is a relatively compact set and
there is a convergent subsequence. For simplicity of notation we will assume that the
sequence itself converges, and let denote the limit by rx. We claim that ppru, rxq “ 0.
Otherwise, the same arguments of (ii) together with tn` 2 ă tn`1 provide now the
chain of inequalities
ppru, rxq ą ppx2p¨, g, ruq, x2p¨, g, rxqq “ lim
nÑ8
ppx2p¨, ftn , upftnqq, x2p¨, ftn , xtnp¨, f, φqq
“ lim
nÑ8
P ptn ` 2q ě lim
nÑ8
P ptn`1q “ ppru, rxq ,
and hence, ppru, rxq “ 0 and lim
tÑ8
P ptq “ 0, as stated. Finally, (4.8) follows from (4.7),
the relation (see Krause and Nussbaum [11, Lemma 2.3(ii)])
}x´ y} ď
´
2 eppx,yq ´ e´ppx,yq ´ 1
¯
minp}x}, }y}q ,
and the boundedness of tupftnq | n P Nu and txtnp¨, f, φq | n P Nu. 
5. Some applications
In this section, we will show the importance of the applications of our theory to
the study of nonautonomous Carathe´odory ordinary and delay cooperative systems
of equations arising in several applied sciences.
5.1. Scalar model for population dynamics. The use of scalar differential
equations with constant delay to model the dynamics of a population is exten-
sive and effective (see Brauer and Cha´vez [5] and Smith [25]). We will study a
model in population biology given by scalar delay Carathe´odory equations of the
form
x1ptq “ ´αptqxptq ` hpt, xpt´ 1qq , (5.1)
which will be compared with the linear Carathe´odory ones
y1ptq “ ´αptq yptq ` βptq ypt´ 1q ` γptq . (5.2)
Equations like (5.1) include for example Nicholson’s model, Mackey-Glass’s model
and similar, which have been studied in depth in mathematical biology. First we
state the assumptions to be considered for the families of equations (5.1) and (5.2).
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(A1) E1 is a closed invariant and bounded subset of functions α P L1loc such that
αptq ě 0 for a.e. t P R and the null function α “ 0 does not belong to E1. Let
D be a countable dense subset of R and consider the subset of LC given by
E2 “
#
h P LC
ˇˇˇˇ
ˇ h satisfies (K2), h0ptq :“ hpt, 0q P E1and hpt, yq “ hpt, 0q for y ď 0
+
.
Notice that E2 is invariant and closed with respect to the topology TD.
(A2) E is a subset of#
f “ ph, α, β, γq
ˇˇˇˇ
ˇ h P E2, α, β, γ P E1 andhpt, yq ď βptq y ` γptq, @y P R, a.e. t P R
+
which is invariant and closed for the product topology.
(A3) There are positive constants K, δ ą 0 such that for each f “ ph, α, β, γq P E
}T pt, fq} ď K e´δ t for each t ą 0 ,
where T pt, fq is the evolution operator on Cpr´1, 0s,Rq for (5.3), that is,
T pt, fqφ “ xtp¨, f, φq is the unique solution of the linear equation
z1ptq “ ´αptq zptq ` βptq zpt´ 1q (5.3)
with initial data φ P Cpr´1, 0s,Rq.
Under these assumptions, the functions defining equations (5.1) and (5.2), that
is, gpt, x, yq “ αptqx ` hpt, yq and pgpt, x, yq “ αptqx ` βptqy ` γptq, satisfy condi-
tions (Kx), (Ky) and (Lx). Therefore, from Theorem 3.7 and Theorem 3.14 we
deduce that the skew-product semiflows:
Φ: R` ˆ E ˆ C` Ñ E ˆ C`, pt, f, φq ÞÑ `ft, xtp¨, f, φq˘ , (5.4)
Ψ: R` ˆ E ˆ C` Ñ E ˆ C`, pt, f, φq ÞÑ `ft, ytp¨, f, φq˘ , (5.5)
are monotone and continuous for the above product topology.
Remark 5.1. Let f “ ph, α, β, γq P E. We denote by Uf pt, sq the so called funda-
mental matrix of (5.3) (scalar in this case, see [8, Theorem 2.1]), that is,
d
dt
Uf pt, sq “ ´αptqUf pt, sq ` βptqUf pt´ 1, sq, if t ě s and a.e. in s and t .
Uf ps, sq “ 1 and Upt, sq “ 0 for s´ 1 ď t ă s . (5.6)
Moreover, it is also assumed that Uf pt, sq “ 0 whenever t ă s. Notice that for each
f “ ph, α, β, γq P E and assumption (A3) we have
|Uf pt, sq| ď K e´δ pt´sq whenever t ě s . (5.7)
The reason is that if we change the initial condition (5.6) to the constant function
1 on rs´ 1, ss, and we denote this solution by zpt, f, s, 1q, it is easy to check that
Uf pt, sq ď zpt, f, s, 1q “ zpt´ s, fs, 1q ,
and (A3) proves the claim.
Proposition 5.2. Under assumptions (A1)–(A3) and the notation of Remark 5.1,
(i) the function rb : E Ñ R , f ÞÑ rbpfq “ ş0´8 Ufp0, sq γpsq ds is well defined and
continuous,
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(ii) the function b : E Ñ C` , f ÞÑ bpfq, defined as bpfqpuq “ rbpfuq for each
u P r´1, 0s, is a continuous equilibrium for (5.5) and a continuous super-
equilibrium for (5.4),
(iii) the function ra : E Ñ R , f ÞÑ rapfq “ ş0
´8
exp
` ´ ş0
s
αprq dr˘ h0psq ds, with h0
defined in (A1), is well defined and continuous,
(iv) the function a : E Ñ C` , f ÞÑ apfq, defined as apfqpuq “ rapfuq for each
u P r´1, 0s, is a continuous sub-equilibrium for (5.4), and
they satisfy 0 ! apfq ď bpfq for each f P E.
Proof. (i) Notice that (A1) implies that the set tγt | γ P E1, t P Ru is L1loc-bounded,
so there is a constant C ě 0 such thatż t`1
t
γpsq ds ď C for each t P R and γ P E1 . (5.8)
From this together with (5.7) we deduce that for each f “ ph, α, β, γq P Eˇˇˇˇż 0
´8
Uf p0, sq γpsq ds
ˇˇˇˇ
ď
8ÿ
j“1
ż ´j`1
´j
K eδ sγpsq ds ď
8ÿ
j“1
KCep´j`1q δ “ KC e
δ
eδ ´ 1 ,
so that the integral is well defined, and since the bound is independent of f , we
deduce that given ε ą 0 there is a τε ą 0 such thatˇˇˇˇż ´τε
´8
Uf p0, sq γpsq ds
ˇˇˇˇ
ă ε for each f “ ph, α, β, γq P E . (5.9)
Before proving the continuity of rb, we will study some properties of Ufp0, sq.
From (5.6), if s ď t ď s ` 1 we deduce that Ufpt, sq is the solution of the
Carathe´odory ordinary differential problem z1ptq “ ´αptq zptq, zpsq “ 1, i.e.
Uf pt, sq “ exp
ˆ
´
ż t
s
αprq dr
˙
whenever s ď t ď s` 1 . (5.10)
As in Remark 5.1, we denote by zpt, f, φq the solution of#
z1ptq “ ´αptq zptq ` βptq zpt´ 1q ,
zptq “ φptq, t P r´1, 0s , for f “ ph, α, β, γq P E, and φ P Cpr´1, 0sq .
Since the cocycle property for ztp¨, f, φq can be also applied to the non-continuous
initial data φ0 : r´1, 0s Ñ R, defined as φ0ptq “ 0 if t P r´1, 0q and φ0p0q “ 1, we
deduce that if t ě s` 1
Uf pt, sq “ zpt´ s, fs, φ0q “ zpt´ s´ 1, fs`1, z1p¨, fs, φ0qq , (5.11)
where now, from the definition of φ0, we have that zp1`u, fs, φ0q is the solution of
the Carathe´odory ordinary differential equation z1ptq “ ´αpt ` sq zptq with initial
data zp0q “ 1, and hence,
φpfsqpτq :“ z1pτ, fs, φ0q “ exp
ˆ
´
ż 1`τ
0
αps` rq dr
˙
, τ P r´1, 0s . (5.12)
Therefore, from (5.10), (5.11) and (5.12) we deduce that
Uf p0, sq “
#
exp
`´ ş0
s
αprq dr˘ if s P r´1, 0s ,
zp´s´ 1, fs`1, φpfsqq if s ď ´1 .
(5.13)
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From Theorem 3.14, the map R´ ˆE ˆ Cpr´1, 0sq Ñ R, ps, g, φq ÞÑ zp´s, g, φqq is
continuous, which, together with (5.13) and the composition with some continuous
functions, show the continuity of
R´ ˆ E Ñ R, ps, fq ÞÑ Uf p0, sq . (5.14)
To check the continuity of rb, we consider a sequence pfnqnPN “ phn, αn, βn, γnqnPN
on E converging to some f “ ph, α, β, γq P E for the product topology and we will
check that rbpfnq tends to rbpfq as n Ò 8. Given ε ą 0, we consider τε satisfying (5.9)
and we denote by Iε “ supγPE1
ş0
´τε
γpsq ds. From the definition of E1 given on (A1)
we deduce that 0 ă Iε ă 8. Moreover, notice that the restriction of (5.14) to the
compact subset r´τε, 0s ˆ
`tfn | n P Nu Y tfu˘ Ă R´ ˆ E provides
lim
nÑ8
Ufnp0, sq “ Uf p0, sq uniformly for s P r´τε, 0s .
In addition, limnÑ8 γn “ γ in L1loc, so that there is an n0 such that for each n ě n0
sup
sPr´τε,0s
|Ufnp0, sq ´ Uf p0, sq| ă
ε
Iε
and
ż 0
´τε
|γnpsq ´ γpsq| ă ε .
As a consequence, together with (5.7), (5.8), (5.9) and
Ufnp0, sq γnpsq´Ufp0, sq γpsq “ pUfnp0, sq´Ufp0, sqq γnpsq`Ufp0, sq pγnpsq´γpsqq ,
we obtain that for each n ě n0
|rbpfnq ´rbpfq| ď 2 ε` ż 0
´τε
|Ufnp0, sq γnpsq ´ Uf p0, sq γpsq| ds
ď 2 ε` ε
Iε
ż 0
´τε
|γnpsq| ds` ε sup
sPR´
|Ufp0, sq| ď ε p3`Kq ,
which proves our claim, and finishes the proof of (i).
(ii) First notice that, from the variation of constant formula, the solution of#
y1ptq “ ´αptq yptq ` βptq ypt´ 1q ` γptq ,
yptq “ 0, t P rs´ 1, ss ,
for f “ ph, α, β, γq P E is given by şt
s
Ufpt, sq γpsq ds for each t ě s, and, as a
consequence of (5.7), it can be shown that
ypt, f, bpfqqq “
ż t
´8
Uf pt, sq γpsq ds (5.15)
is a bounded and globally defined solution of (5.2) such that yps, f, bpfqq “ bpfqpsq
for each s P r´1, 0s.
Next, as in (5.11), from Uf pt, sq “ zpt´ s, fs, φ0q we deduce that
Uftp0, s´ tq “ zpt´ s, pftqs´t, φ0q “ zpt´ s, fs, φ0q “ Uf pt, sq .
Therefore,
rbpftq “ ż 0
´8
Uftp0, sq γtpsq ds “
ż t
´8
Uftp0, s´ tq γpsq ds “
ż t
´8
Uf pt, sq γpsq ds ,
and from (5.15) it follows that rbpftq “ ypt, f, bpfqq. Thus, bpfq is a continuous
equilibrium for (5.5) because bpftqpsq “ rbpft`sq “ ypt ` s, f, bpfqq for s P r´1, 0s,
i.e. bpftq “ ytp¨, f, bpfqqq, as stated. In addition, from (5.7) it follows that this
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equilibrium bpfq is globally exponentially stable for Ψ in (5.5). Finally notice that
from (A2), again a comparison result provides xtp¨, f, bpfqq ď ytp¨, f, bpfqq “ bpftq
for t ě 0, and we conclude that bpfq is a continuous super-equilibrium for (5.4),
which finishes the proof of (ii).
We will omit the proofs of (iii) and (iv) because follow similar arguments to
those of (i) and (ii). We want only to remark the following differences. Notice
that Zf pt, sq :“ exp
`´ şt
s
αpuq du˘ is the fundamental matrix of the Carathe´odory
ordinary differential equation z1ptq “ ´αptq zptq with Zf ps, sq “ 1, Uf pt, sq is the
fundamental matrix of (5.3), and from (A2) and (5.7) we also deduce that Zfpt, sq ď
Ufpt, sq ď K e´δ pt´sq whenever s ď t. Moreover, in (i) and (ii) we were comparing
the solutions of equations (5.1) and (5.2), i.e. xpt, f, φq ď ypt, f, φq, so that it
is said that (5.2) is a majorant of (5.1), and now again from (A1) and (A2), the
Carathe´odory ordinary differential equation y1ptq “ ´αptq yptq`h0ptq is a minorant
of (5.1). This is the reason why now apfq, which is a globally exponentially stable
continuous equilibrium for Ψ in (5.5), is a continuous sub-equilibrium for (5.4).
Finally, apfq ď bpfq for each f P E follows from the above comparison of solu-
tions, and 0 ! apfq for each f P E is a consequence of the definition of apfq and
the belonging of h0 to the set E1, which is closed, invariant and does not contain
the null function, from which it can be shown that the set tr P r´8, us | h0prq ą 0u
have positive measure for each u P r´1, 0s. 
As a consequence, from Theorem 4.4 we deduce the existence of two equilibria
for the skew-product semiflow (5.4) induced by the family of equations (5.1), one
is lower-semicontinuous u : E Ñ C`, f ÞÑ upfq, the other is upper-semicontinuous
v : E Ñ C`, f ÞÑ vpfq, and they satisfy 0 ! upfq ď vpfq. It can be shown that they
define the top and lower covers of a pullback attractor for the evolution processes
induced by (5.1) (we refer the reader to Kloeden and Rasmussen [10] for these
concepts).
In addition, we assume the following condition implying the sublinearity of the
skew-product semiflow:
(A4) for each function f “ ph, α, β, γq P E, the function h is sublinear, that is, for
each y P R` and λ P r0, 1s, hpt, λ yq ě λhpt, yq for a.e. t P R.
From this, we deduce that gpt, x, yq “ ´αptqx ` hpt, yq is also sublinear, i.e. sat-
isfies (S), and hence the skew-product semiflow (5.4) is sublinear, as shown in
Proposition 4.8. Next lemma characterizes the points of strong sublinearity for the
skew-product semiflow (5.4) (see (4.5) for the definition).
Lemma 5.3. Consider f “ ph, α, β, γq P E and assume that the scalar function h
satisfies the following property of strong sublinearity:
‚ for each δ ą 0 the set of points t P p0, δq such that
hpt, λ yq ą λhpt, yq for each y ą 0 and λ P p0, 1q
has positive Lebesgue measure.
Then, f is a point of strong sublinearity for the skew-product semiflow (5.4).
Proof. We will just provide a sketch of the proof. First, notice that the function
gpt, x, yq “ ´αptqx ` hpt, yq satisfies the same property of strong sublinearity on
x and y. From this, reasoning as in Proposition 4.8 to transform the delay equa-
tion (5.1) into an ordinary one in r0, 1s, we check condition (ii) of [28, Theorem 4]
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to deduce that xpt, f, λ φq ą λxpt, f, φq for each t P p0, 1s, λ P p0, 1q and φ " 0.
In a recursive way we can check that this also holds for t ą 0, which means that
xtp¨, f, λ φq " λxtp¨, f, φq for t ą 1, as claimed. 
As a consequence, under assumptions (A1)–(A4), we can apply the conclusions
of Theorem 4.10 to the monotone, sublinear and continuous skew-product semi-
flow (5.4), characterizing the points of strong sublinearity on E´ and E`, as in
the previous lemma. Thus, the existence of a unique continuous equilibrium whose
graph coincides with the pullback attractor of the equation is shown.
5.2. Carathe´odory non-autonomous cyclic feedback system. We finish with
an application of our previous results to the mathematical model of biochemical
feedback in protein synthesis given by the system of Carathe´odory differential equa-
tions
x11ptq “ hpt, xmptqq ´ α1ptqx1ptq ,
x1iptq “ xi´1ptq ´ αiptqxiptq , for 2 ď i ď m.
(5.16)
The system (5.16) expresses a model for a biochemical control circuit in which each
of the xj represents the concentration of an enzyme; hence xj ě 0 for j “ 1, . . . ,m.
The autonomous ordinary case was firstly introduced by Selgrade [23]. Different
extensions to the periodic and the autonomous functional cases are explored in
Smith [26], Krause and Ranft [12], Smith and Thieme [27], and references therein.
Chueshov [6] analyzes the random case and Novo et al. [21] the ordinary determin-
istic non-autonomous case. The case of finite-delay was considered, for the concave
case, in Novo et al. [19], and, for the sublinear case, in Novo and Obaya [20].
We state the assumptions to be considered for this problem, concerning with the
Carathe´odory ordinary case. Notice that (B1) coincides with (A1) but we repeat
it by completeness.
(B1) E1 is a closed invariant and bounded subset of functions α P L1loc such that
αptq ě 0 for a.e. t P R and the null function α “ 0 does not belong to E1. Let
D be a countable dense subset of R and consider the subset of LC given by
E2 “
#
h P LC
ˇˇˇˇ
ˇ h satisfies (K2), h0ptq :“ hpt, 0q P E1and hpt, yq “ hpt, 0q for y ď 0
+
.
Notice that E2 is invariant and closed with respect to the topology TD.
(B2) E is a subset of#
f “ ph, α1, . . . , αm, β, γq
ˇˇˇˇ
ˇ h P E2, α1, . . . , αm, β, γ P E1 andhpt, yq ď βptq y ` γptq, @y P R, a.e. t P R
+
which is invariant and closed for the product topology.
(B3) There are constants K, δ ą 0 such that for each f “ pα1, . . . , αm , β, γq P E
}Upt, fq} ď K e´δ t for each t ą 0 ,
where Upt, fq is the fundamental matrix solution of the system
z11ptq “ βptq zmptq ´ α1ptq z1ptq ,
z1iptq “ zi´1ptq ´ αiptq ziptq , for 2 ď i ď m,
(5.17)
principal at t “ 0, that is, Up0, fq “ Im.
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Under these assumptions, the function defining (5.16) satisfies conditions (K1)
and (L1), and from [28, Theorem 2] and Proposition 3.20, the skew-product semi-
flow
Φ: R` ˆ E ˆ pR`qm Ñ E ˆ pR`qm, pt, f, x0q ÞÑ
`
ft, xpt, f, x0q
˘
, (5.18)
is monotone and continuous for the above product topology.
Remark 5.4. If we denote by Ufpt, sq the fundamental matrix solution for (5.17)
principal at t “ s, that is, Uf ps, sq “ Im, from assumption (B3) we deduce that
}Ufpt, sq} ď K e´δ pt´sq whenever t ě s ,
because Uf pt, sq “ Upt ´ s, fsq. Moreover, denoting by Zfps, tq the fundamental
matrix solution of
z11ptq “ ´α1ptq z1ptq ,
z1iptq “ zi´1ptq ´ αiptq ziptq , for 2 ď i ď m,
(5.19)
and since, from (B1), the system (5.19) is a minorant of (5.17), we also have
}Zfpt, sq} ď K e´δ pt´sq whenever t ě s .
In addition, notice that if the first component of z0 is positive, i.e. pz0q1 ą 0, the
solution of (5.19) with this initial data z0 is strongly positive, that is, Zf pt, 0q z0 " 0
for each t ą 0. The reason is as follows. From z11ptq “ ´α1ptq z1ptq we deduce that
pZf pt, 0q z0q1 “
´şt
0
expp´α1prqq dr
¯
pz0q1 ą 0 for each t ě 0 . For the second com-
ponent, from z12ptq “ z1ptq ´ α2ptqz2ptq ą ´α2ptqz2ptq and comparison of solutions
we deduce that pZf pt, 0q z0q2 ą
´şt
0
expp´α2prqq dr
¯
pz0q2 ě 0 for each t ą 0, and
the same reasoning for the rest of the components provides Zfpt, 0q z0 " 0 for each
t ą 0, as claimed.
Proposition 5.5. Under assumptions (B1)–(B3) and notation of Remark 5.4,
consider the unit vector e1 “ p1, 0, . . . , 0qt. Then
(i) b : E Ñ pR`qm , f ÞÑ bpfq “ ş0´8 Uf p0, sq γpsq e1 ds is a continuous super-
equilibrium for (5.18),
(ii) a : E Ñ pR`qm , f ÞÑ apfq “ ş0
´8
Zf p0, sqh0psq e1 ds, with h0 defined in (B1),
is a continuous sub-equilibrium for (5.18),
and they satisfy 0 ! apfq ď bpfq.
Proof. We omit the proof because it is similar to that of Proposition 5.2. However,
we want to remark the following facts. Although we introduced the definitions of
sub and super-equilibria for skew-product semiflows induced by Carathe´odory delay
differential equations, they are easily adapted to Carathe´odory ordinary differential
equations, changing C “ Cpr´1, 0s,RNq by Rm in our case.
We want also to notice that in this example, the system
z11ptq “ βptq zmptq ´ α1ptq z1ptq ` γptq ,
z1iptq “ zi´1ptq ´ αiptq ziptq , for 2 ď i ď m
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is a majorant for (5.16) in the sense explained in the proof of Proposition 5.2, and
zptq “ şt
´8
Uf p0, sq γpsq e1 ds is a globally defined bounded solution for it. Analo-
gously, zptq “ şt´8 Zf p0, sqh0psq e1 ds is a globally defined bounded solution of
z11ptq “ ´α1ptq z1ptq ` h0ptq ,
z1iptq “ zi´1ptq ´ αiptq ziptq , for 2 ď i ď m,
which is a minorant of (5.16) because h satisfies (K1), and then hpt, zq ě hpt, 0q “
h0ptq for z ě 0. These two facts are in this case the main ingredients for the proof of
(i), (ii) and apfq ď bpfq for each f P E. The proof of 0 ! apfq for each f P E relies
now on the belonging of h0 to E1, so that ts P p´8, 0s | h0psq ą 0u has positive
measure, and then for all these points, the first component of h0psq e1 is positive
and Zf p0, sqh0psq e1 “ Zfsp´s, 0qh0psq e1 " 0, as shown in Remark 5.4. 
As a in the previous scalar example, from Theorem 4.4 we deduce the existence
of two equilibria for the skew-product semiflow (5.18) induced by the family of
systems (5.16). One of them, u : E Ñ C`, f ÞÑ upfq is lower-semicontinuous,
the other, v : E Ñ C`, f ÞÑ vpfq, is upper-semicontinuous, and they satisfy 0 !
upfq ď vpfq. They define the top and lower covers of a pullback attractor for the
skew-product semiflow (5.18).
We finish with the assumption of a sublinearity condition for this case, in order
to apply the conclusions of Theorem 4.10.
(B4) For each f “ ph, α1, . . . , αm, β, γq P E, the function h is sublinear, that is,
for each y P R` and λ P r0, 1s, hpt, λ yq ě λhpt, yq for a.e. t P R.
From this we deduce that the function g : R ˆ pR`qm Ñ pR`qm of system (5.16)
defined as g1pt, xq “ hpt, xmq ´α1ptqx1 and gipt, xq “ xi´1 ´αiptqxi for 2 ď i ď m
is sublinear, and hence the skew-product semiflow (5.18) is sublinear.
As in (4.5), but now for the case of ordinary differential equations, f is a point
of strong sublinearity for the skew-product semiflow (5.18) if
xpt, f, λ x0q " λxpt, f, x0q whenever t ą 0, λ P p0, 1q and x0 " 0. (5.20)
Next lemma provides a characterization for these points of strong sublinearity.
Lemma 5.6. Consider f “ ph, α1, . . . , αm, β, γq P E and assume that the scalar
function h satisfies the following property of strong sublinearity:
‚ for each δ ą 0 the set of points t P p0, δq such that
hpt, λ yq ą λhpt, yq for each y ą 0 and λ P p0, 1q (5.21)
has positive Lebesgue measure.
Then, f is a point of strong sublinearity for the skew-product semiflow (5.18).
Proof. Take λ P p0, 1q, x0 " 0, vptq “ λxpt, f, x0q and wptq “ xpt, f, λ x0q. Since
the skew-product semiflow (5.18) is sublinear we know that vptq ď wptq for each
t ě 0. Moreover, consider the scalar linear equation
y1ptq “ l1pt, yptqq “ hpt, λ xmpt, f, x0qq ´ α1ptq yptq .
From (5.21) and v1ptq ď w1ptq, we deduce that for each δ ą 0
v11ptq´l1pt, v1ptqq “ λhpt, xmpt, f, x0qq´hpt, λ xmpt, f, x0qq ă 0 “ w11ptq´l1pt, w1ptqq
for t in a subset of p0, δq with positive Lebesgue measure. Therefore, condition (ii)
of [28, Theorem 4] holds and we conclude that v1ptq ă w1ptq for each t ą 0.
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Next, we take y1ptq “ l2pt, yptqq “ x1pt, f, λ x0q ´ α2ptq yptq. As before, but now
from v1ptq ă w1ptq for each t ą 0 and v2ptq ď w2ptq we obtain
v12ptq ´ l2pt, v2ptqq ă 0 “ w12ptq ´ l2pt, w2ptqq ,
for each t ą 0, which implies v2ptq ă w2ptq for each t ą 0. The inequalities for
the rest of the components are obtained in a similar way, so that vptq ă wptq for
each t ą 0, that is, inequality (5.20) holds, and f is a point of strong sublinearity
for (5.18), as claimed. 
As a consequence, under assumptions (B1)–(B4), we can apply the conclusions
of Theorem 4.10 to the monotone, sublinear and continuous skew-product semi-
flow (5.18), characterizing the points of strong sublinearity on E´ and E`, as in
the previous lemma. Therefore, the existence of a unique continuous equilibrium
whose graph coincides with the pullback attractor of the system is shown.
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